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Abstract

Reinforcement Learning (RL) provides a general framework for sequential decision-
making, enabling agents to learn through interaction with an environment. Despite
successes in domains such as games and robotics, it remains challenging to deploy in
real-world settings, notably due to limited sample efficiency. Model-based Reinforce-
ment Learning (MBRL) addresses part of this issue by learning a model of the envi-
ronment dynamics for planning, thereby reducing costly interactions. However, learned
models introduce new challenges, including compounding errors and model-policy ob-
jective mismatch. In parallel, machine learning has shifted toward Foundation Models
(FMs): large-scale pre-trained models that learn transferable representations from mas-
sive datasets. Initially developed for natural language processing, they are now emerg-
ing in areas such as time series modeling, raising questions about their role in RL.

This thesis investigates how integrating FMs can strengthen MBRL. Adopting a sequence
modeling perspective, it first revisits dynamics modelling by directly optimizing a multi-
step objective to improve long-term accuracy. Building on this view, it then formulates
next-state prediction as an in-context learning problem and introduces a latent pro-
jection mechanism that enables zero-shot use of pre-trained Large Language Models
(LLMs) within MBRL. Extending these representation learning ideas further, the the-
sis addresses the adaptation of univariate Time Series Foundation Models (TSFMs) to
multivariate and probabilistic forecasting through learnable encoder—decoder adapters.
Finally, shifting the focus from dynamics to rewards, it proposes a bilevel optimization
approach to learn implicit reward functions from supervised data, broadening the ap-
plicability of RL to settings where explicit reward design is impractical.

Overall, this work demonstrates how combining MBRL with FMs leads to more sample-
efficient and generalizable decision-making systems.

Model-based Reinforcement Learning, Foundation Models, Adaptation, Time Series
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Résumé

L'apprentissage par renforcement (RL) fournit un cadre général pour la prise de dé-
cision séquentielle, permettant a des agents d’apprendre par interaction avec un envi-
ronnement. Malgré des succes dans des domaines tels que les jeux et la robotique, son
déploiement dans des contextes réels demeure difficile, notamment en raison d"une ef-
ficacité limitée en termes d’échantillons.

L'apprentissage par renforcement basé sur des modeles (MBRL) répond en partie a ce
probléme en apprenant un modele de la dynamique de l’environnement afin de planifier,
réduisant ainsi les interactions cofiteuses. Cependant, les modéles appris introduisent
de nouveaux défis, notamment I'accumulation d’erreurs et le décalage entre les objectifs
du modele et de la politique.

Parallélement, ’apprentissage automatique a évolué vers les modeles de fondation (FM)
: des modeles pré-entrainés a grande échelle qui apprennent des représentations trans-
térables a partir de jeux de données massifs. Initialement développés pour le traitement
automatique du langage naturel, ils émergent désormais dans des domaines tels que la
modélisation de séries temporelles, soulevant des questions quant a leur role en appren-
tissage par renforcement.

Cette these étudie comment l'intégration de modeéles de fondation peut renforcer le
MBRL. En adoptant une perspective de modélisation séquentielle, elle revisite d’abord
la modélisation des dynamiques en optimisant directement un objectif multi-pas afin
d’améliorer la précision a long terme. S’appuyant sur cette vision, elle reformule en-
suite la prédiction de 1’état suivant comme un probleme d’apprentissage en contexte (in-
context learning) et introduit un mécanisme de projection latente permettant1’utilisation
en zero-shot de grands modéles de langage (LLM) pré-entrainés au sein du MBRL. En
prolongeant ces idées d’apprentissage de représentations, la thése aborde 1’adaptation
de modeles de fondation de séries temporelles univariées (TSFM) vers des prévisions
multivariées et probabilistes grace a des adaptateurs encodeur—décodeur apprenables.
Enfin, en déplagant 'attention des dynamiques vers les récompenses, elle propose une
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approche d’optimisation bi-niveau pour apprendre des fonctions de récompense im-
plicites a partir de données supervisées, élargissant ainsil’applicabilité del’apprentissage
par renforcement aux contextes o1 la conception explicite de la récompense est imprat-
icable.

Dans I’ensemble, ce travail montre que la combinaison du MBRL et des modeles de fon-
dation conduit a des systemes de prise de décision plus efficaces en données et plus
généralisables.

Apprentissage par renforcement basé sur des modeles, Modéles de fondation, Adap-
tation, Séries temporelles
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Chapter

Introduction

predicting stock prices, can hardly be spoken about without mention of Arti-

ficial Intelligence (AI). The common denominator between the evoked activ-
ities is the fact that they rely on massive analoguous data to drive decision. A writer
can’t publish a best-seller without having read thousands of pages from fellow writers.
The highly skilled technician and the experienced physician use years of pattern recog-
nition training to hope achieving high accuracy in image recognition tasks. Similarly,
predicting stock prices (and analoguously any signal that is changing over time) is a te-
dious task requiring massive data in the form of past observations. Within the broader
field of Al, methods that learn patterns from data fall under the umbrella of Machine
Learning (ML) (also called statistical learning) [Bis07]. ML has been the main engine
behind the recent advances in the field, mainly thanks to the massive compute power
that accompanied access to massive and diverse datasets.

NOWADAYS, activities such as writing a book, recognizing items in an image, and

Among the principal ML paradigms that drive this revolution, we mention supervised
learning where examples of labeled pairs are shown to an algorithm in order to learn the
distribution of targets given samples from an input distribution. Supervised learning
constitutes the go-to framework for tasks such as classification, regression, and time se-
ries forecasting. Unlike supervised learning, Reinforcement Learning (RL) [SB18] is a
paradigm where supervision doesn’t stem from labeled pairs, but rather from a reward
signal observed during interaction with an environment. RL is a natural way to model
problems where the accomplishment of a task can be completely defined by a numerical
signal: the reward function. Beyond ML related applications, RL can be thought off as
being a learning paradigm that is closer to how humans and animals learn from their en-
vironment [Niv09; NDD]. Indeed, humans and animals don’t learn from labeled pairs,
but rather from the consequences of their actions, observed as the positive or negative
teedback of the environment. This makes RL a very appealing framework for solving
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sequential decision-making problems, where an agent has to take a series of actions in
order to maximize the cumulative reward or the final outcome.

1.1 The rise and fall (and rise again) of RL

Historically, RL experienced a rise in popularity roughly a decade ago, driven by high-
profile successes in domains previously thought to be beyond the reach of Al This era
was defined by the conquest of complex games, starting with deep RL agents mastering
the Atari suite purely from pixels [Mni+15], and culminating in AlphaGo’s victory over
the world champion in the game of Go [Sil+16] . Beyond games, robotics benefited
immensely from these advancements, enabling agents to learn complex manipulation
and locomotion tasks through trial and error [Lev+16].

Nevertheless, the field subsequently faced a period that can be described as a RL winter.
With the advent of the Transformer architecture [Vas+17], the research community’s
attention shifted toward sequence modeling problems such as Natural Language Pro-
cessing (NLP). During this period, RL was legitimately criticized for its sample ineffi-
ciency and lack of reproducibility compared to the rapidly advancing language models
[Hen+18].

Recently, RL has risen from its ashes, finding new relevance through integration with these
very architectures. On one hand, RL has benefited from architectural advancements,
treating decision-making as a sequence modeling problem (e.g., Decision Transformers
[Che+21], Vision-Language-Action (VLA) models [Zit+23; Int+25a]). On the other, it
has found a critical new application as a fine-tuning mechanism for LLMs. Techniques
such as Reinforcement Learning from Human Feedback (RLHF) [Ouy+22] and Rein-
forcement Learning from Verifiable Rewards (RLVR) [Dee+25] have become standard
for aligning foundation models, proving that RL remains an indispensable component
of modern AL

1.2 The role of MBRL

While much of the early success in deep RL relied on model-free approaches which learn a
policy directly from interaction, Model-based Reinforcement Learning (MBRL) [SB18]
offers a distinct paradigm. MBRL is defined by the agent’s ability to learn and use a tran-
sition dynamics model (also called world model) to plan into the future. This dynamics
model can be seen as an internal approximation of how the state evolves given a certain
action.



The MBRL approach addresses a critical limitation in real-world deployment: the un-
realistic assumption that an RL agent can access a perfect, fast, and cheap simulator.
Indeed, in many physical applications interactions are costly, dangerous, or slow. By
learning a model of the world, MBRL achieves significantly higher sample efficiency
compared to model-free counterparts, as the agent can “dream" or simulate thousands
of trajectories without interacting with the real environment [HS18b; Haf+21a]. Conse-
quently, MBRL has found applications in robotics and industrial control systems, where
minimizing real-world trials is key.

1.3 The era of Foundation Models

Currently, we are witnessing a paradigm shift toward FMs, which can be defined as
large-scale, pre-trained models that can be adapted to a wide variety of downstream
tasks. Moving away from the "one model per task" approach, this era is characterized
by generalist systems capable of zero-shot or few-shot generalization.

While this revolution began in NLP [Rad+19; Bro+20], it has rapidly expanded to other
modalities. In computer vision, foundation models now handle segmentation and recog-
nition with unprecedented robustness [Car+26]; in time series forecasting, large pre-

trained models are beginning to outperform traditional statistical methods on unseen
data [ Ans+25].

The relationship between RL and foundation models is becoming increasingly symbiotic:
foundation models provide broad, diverse priors that can be leveraged to enhance RL
agents, while RL provides the mechanism to optimize these models for specific behav-
iors. The goal of this PhD thesis is to explore this intersection, focusing on how MBRL
can benefit from the integration of foundation models.

1.4 Outline and Contributions of the Thesis

This thesis investigates how recent advances in foundation models can be leveraged
to address long-standing challenges in model-based reinforcement learning. Across
its chapters, the thesis progressively builds from improving the training objectives of
learned dynamics models, to integrating large pre-trained sequence models into the
MBRL pipeline, and finally to broadening the scope of reinforcement learning through
implicit reward learning. The unifying theme is the design of learning and adaptation
mechanisms that improve generalization, sample efficiency, and applicability of rein-
forcement learning methods in realistic settings.
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More specifically, the thesis is structured around a set of interrelated research questions,
each addressed by a dedicated chapter as detailed in the following;:

e Chapter 2 defines the notions, concepts, and algorithms at play in the rest of the
document. This spans RL, MBRL, time series, and FM adaptation methods.

e Chapter 3 addresses the research question of how to perform accurate long-horizon
predictions with learned dynamics models? To tackle this question, we study the
impact of augmenting traditional MBRL with a multi-step loss function that di-
rectly optimizes for long-term predictive accuracy. The research question treated
in this chapter is related to the objective mismatch problem in MBRL, where the dy-
namics model is trained to minimize one-step prediction error, while being used for
policy optimization in reality. To derive intuitions about the impact of this multi-
step loss, we analyze its closed-form solutions in a controlled linear setting, along
with the bias and variance of their respective estimators. Furthermore, we conduct
extensive experiments to evaluate different weighting schemes for the multi-step
loss, especially in a noisy setting. The conclusions of this chapter include the effi-
ciency of the multi-step loss in improving long-term predictions, all while suffering
from the objective mismatch when evaluating the final return.

e Chapter 4 kicks off the integration of FMs and MBRL, specifically addressing the
question how to leverage LLMs for dynamics modelling in the context of MBRL?
The contributions made in this chapter include the formalization of the dynamics
modeling problem as an in-context learning problem, therefore enabling the ex-
ploitation of emerging capabilities of LLMs. Within this formalization, two chal-
lenges that are specific to MBRL data emerge: 1) Dealing with multidimensional
state spaces, and 2) integrating the control signal (actions) with state trajectories
in the context. We propose an adaptation approach destined to solving both chal-
lenges: The state-action trajectories are first projected into a latent space of lin-
early uncorrelated features, prior to being processed in a zero-shot way by a pre-
trained LLM. The resulting dynamics modeling algorithm, is analyzed theoreti-
cally in terms of return gap it induces, and practically integrated with popular RL
algorithms to improve their sample efficiency. Finally, we establish the proper-
ties of the proposed LLM-based dyanmics model, which include better prediction
quality with longer context sizes, and quantile calibration.

e Chapter 5 follows-up on FMs integration, extending the adaptation idea from Chap-
ter 4 to more general families of neural network-based adapters in the context of
time series forecasting. It specifically tackles the question how to optimally adapt
time series foundation models for multivariate probabilistic forecasting? In this
chapter, we start from a common architectural design found in many TSFM: to
avoid dealing with size-changing inputs, TSFMs are trained on diverse datasets of
univariate time series. Consequently, these TSFMs are called on each dimension
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independently when dealing with multivariate data at inference time. To address
this issue, we propose an adaptation approach based on learnable encoder-decoder
modules that can be plugged in any TSFM to capture feature dependencies in a
multivariate setting. Furthermore, inspired by partially stochastic Bayesian neural
networks, we extend these adapters to enable probabilistic forecasting for natively
deterministic TSFMs. This is done by inserting stochasticity in the encoder part of
the adapter, allowing probabilistic forecasting through sampling in the adapter’s
latent space. We then theoretically analyze linear adapters, and show that in prac-
tice, our approach improves forecasting accuracy compared to the vanilla applica-
tion of TSFMs.

Chapter 6 shifts the focus from dynamics models to reward models in the context
of LLM fine-tuning. Indeed, RL fine-tuning methods have witnessed incredible
success in reasoning tasks. Nevertheless, they remain restricted to verifiable tasks.
Therefore, in this chapter we question how can we learn implicit reward functions
from supervised data to broaden the application scope of RL? The contributions
made in this chapter include the formulation of maximum likelihood estimation as
a bilevel optimizmation problem, where the outer level maximizes the likelihood
over reward functions, and the inner levels constitues a typical RL objective. In
terms of reward parametrization, we propose a family of reward functions based
on a negative Mahalanobis distance in an embedding space. We theoretically anal-
yse this parametrization in the case of a Gaussian linear model, providing a closed
form solution to the aforementioned bilevel problem, along with its interpretation.
Furthermore, we consider implicit differentiation-based solvers to provide more
general solutions, validating the intuitions derived from the theoretical analysis.
Practically, we validate our approach in an LLM finetuning experiment, where we
show that we are able to achieve the same results by substitiuting the true reward
in a reasoning task with the reward derived from our framework. To close the
loop with MBRL, we further attempt our approach in a dynamic modeling setting,
where we find that models pretrained with RL and our reward functions achieve
comparable or better next state prediction accuracy.

Taken together, the chapters of this thesis attempt to answer the broader research ques-
tion: how can foundation models and principled learning objectives be leveraged to
improve the modeling, planning, and optimization components of MBRL, leading to
more sample-efficient and generalizable decision-making systems?

Publications

The contributions presented in this thesis were done in collaboration with colleagues,
and have been presented in the following list of preprints and peer-reviewed publica-
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tions:

Chapter 3 is based on the following workshop paper:

e Benechehab, A., Thomas, A., Paolo, G., Filippone, M., & Kégl, B. “A Study of the
Weighted Multi-step Loss Impact on the Predictive Error and the Return in MBRL".
In I Can’t Believe It’s Not Better Workshop: Failure Modes of Sequential Decision-Making
in Practice (RLC 2024).

which is an extension of the following preprint:

e Benechehab, A., Paolo, G., Thomas, A., Filippone, M., & Kégl, B. “Multi-timestep
models for Model-based Reinforcement Learning". ArXiv (2023).

Chapter 4 is based on the following conference paper:

e Benechehab, A., El Hili, Y. A., Odonnat, A., Zekri, O., Thomas, A., Paolo, G.,
Redko, L., Filippone, M., & Kégl, B. “Zero-shot Model-based Reinforcement Learn-
ing using Large Language Models". In The Thirteenth International Conference on
Learning Representations (ICLR 2025).

Chapter 5 is based on the following conference paper:

e Benechehab, A., Feofanov, V., Paolo, G., Thomas, A., Filippone, M., & Kégl, B.
“AdaPTS: Adapting Univariate Foundation Models to Probabilistic Multivariate
Time Series Forecasting". In Forty-second International Conference on Machine Learn-
ing (ICML 2025).

Chapter 6 is based on the following under review preprint:

e Benechehab, A., Singer, G., Léger, C., Hili, Y. A. E., Paolo, G., Thomas, A., Filip-
pone, M., & Kégl, B. “Bridging SFT and RL: Learning implicit rewards from super-
vised data". (Under review) (2026).

which is an extension of the following workshop paper:

e Benechehab, A., Hili, Y. A. E,, Thomas, A., Paolo, G., & Filippone, M. “Embedding
Distance as a Reward Signal can replace Verifiers for LLM Reasoning". In Workshop
on Logical Reasoning of Large Language Models (ICLR 2026).

Publications not included in the thesis

The following publications were made during the course of this PhD, but are not in-
cluded in this thesis:



e Benechehab, A., Thomas, A., & Kégl, B. “Deep autoregressive density nets vs neu-
ral ensembles for model-based offline reinforcement learning". ArXiv (2023).

e Thomas, A., Benechehab, A., Paolo, G., & Kégl, B. “Fair Model-Based Reinforce-
ment Learning Comparisons with Explicit and Consistent Update Frequency". The
Third Blogpost Track at ICLR (2024).

e Zekri, O., Benechehab, A., & Redko, I. “Can LLMs predict the convergence of
Stochastic Gradient Descent?". ICML Workshop on In-Context Learning (2024).

e Odonnat, A. & Zekri, O., Benechehab, A., Bleistein, L., Boullé, N., & Redko, I.
“Large language models as markov chains." (Under review) (2024).

e Paolo, G., Benechehab, A., Cherkaoui, H., Thomas, A., & Kégl, B. “Tag: A de-
centralized framework for multi-agent hierarchical reinforcement learning." ArXiv
(2025).

e El Hili, Y. A, Thomas, A., Benechehab, A., Léger, C., Ancourt, C., & Kégl, B. “In-
Context Meta-Learning with Large Language Models for Automated Model and
Hyperparameter Selection." NeurIPS Workshop LLM-eval (2025).

Open-source Code Contributions

In addition to the publications listed above, the contributions of this thesis are accom-
panied by publicly available open-source implementations. These repositories were de-
veloped to ensure reproducibility, facilitate adoption by the research community, and
provide modular research frameworks for further extensions.

e multi_step_mbrl (https://github.com/abenechehab/multi_step_mbrl): Official
implementation of the multi-timestep modeling approach for MBRL presented in
Chapter 3. The repository provides experimental pipelines, weighted multi-step
loss implementations, and evaluation scripts for studying predictive error and re-
turn trade-offs.

e dicl (https://github.com/abenechehab/dicl): Official codebase for the frame-
work introduced in Chapter 4. It implements zero-shot MBRL using LLMs, in-
cluding modular interfaces for environment interaction, state-action trajectories
discretization, and in-context dynamics modeling.

e AdaPTS (https://github.com/abenechehab/AdaPTS): Implementation of the AdaPTS
method described in Chapter 5. The repository provides adapters for univariate
time-series foundation models, probabilistic forecasting utilities, and benchmark-
ing scripts for multivariate time-series evaluation.

e rlft4rl (https://github.com/abenechehab/rlft4rl): Research framework devel-
oped during this PhD for fine-tuning LLMs to act as controllers/policies for RL
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environments.

e nll_to_po (https://github.com/abenechehab/nll_to_po): Official implementa-
tion accompanying Chapter 6. The repository provides code for studying maxi-
mum likelihood estimation from a bilevel optimization perspective, including ex-
perimental scripts for synthetic data generation, tabular classification and regres-
sion, and LLM fine-tuning.
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underpin the entire thesis. We provide concise introductions to key concepts, in-
cluding RL, MBRL, and FMs. In most chapters of this thesis, we include a deeper
discussion of the related literature relevant to that material.

IN this chapter, we establish the foundational ideas and background material that will



2.1 Reinforcement Learning

Unlike classical learning paradigms where the model learns from a fixed dataset, RL
[SB18] focuses on learning optimal behaviors through interactions with an environment.
Although this approach remains data-driven at its core, it emphasizes sequential decision
making and long-term outcomes rather than immediate predictions. On a high-level, the
core components of a RL system include an agent, an environment, and a reward signal
that reflects the accomplishment of a given task.

Agent

—>
a; ~ 7(-[s¢)

St1,Tt ag

Environment M

sir1 ~ P([st,a), 14 =r(s¢,a;)

Figure 2.1: The Reinforcement Learning loop.

As depicted in Figure 2.1, the interaction loop between an agent and an environment is
as follows: at each discrete time step ¢, the agent selects an action a,, applies it to the en-
vironment, and observes the corresponding reward r; and next state s, ; where the state
is a representation of the environment. The space of all possible environement states s is
denoted as the state space S, while the space of all possible actions is denoted as the ac-
tion space A. The learning in RL involves the policy improving the quality of the selected
actions through experience, with the goal of maximizing cumulative rewards over time.
Meanwhile, the reinforcement aspect refers to the feedback mechanism provided by the
reward signal, which reinforces desirable behaviors and discourages undesirable ones.

Formally, we define an environment as a first-order Markov Decision Process (MDP)
(i.e., it satisfies the Markov property P(s;i1|s¢, ..., S0) = P(siy1]s:)) M [Bel57a], a policy
7 as a mapping from states to actions (precisely, a stochastic policy; we can also define
a deterministic policiy as a function 7 : S — A), and the learning objective of RL as
maximizing the expected return 7|x]:

Definition 2.1.1 (Markov Decision Process).
M = (Su A7 Mo, 75 P7 I')

where S is the state space, A the action space, i the initial state distribution, v € [0,1)
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the discount factor, P : S x A — A(S) the Markovian transition probability where A(S)
denotes distributions over the state space S, and r : S x A — R the reward function.

Definition 2.1.2 (Policy).
S = A(A)

where A(A) denotes distributions over the action space A.

Definition 2.1.3 (Return).

n[r] = Euomp [i Y'r(se, at)]

t=0

The return as defined in definition 2.1.3, is computed by following the environment dy-
namics P and the policy 7 for all £ > 0 up to an infinite horizon, with the discount factor
7 playing the role of prioritizing short-term vs long-term rewards. Additionally, the
discount factor guarantees that the infinite-horizon return is well-defined: for v € [0, 1),
the discounted rewards form a geometrically weighted series, which converges and thus
yields a finite return under bounded rewards. For infinite horizons, the discount factor
~v implicitly defines the effective horizon as Hegr ~ ﬁ In practice, an instance of agent-
environment interactions (called episode) runs up to a pre-defined MDP horizon H, or
when certain termination conditions are met.

The first step of solving a problem using RL typically involves modelling the problem as
a MDP by defining its elements as stated in definition 2.1.1. Examples of MDPs include
robotic control [Lil+16; Lev+16], game playing [ Mni+15; Sil+16], and language mod-
eling [Chr+17; Ouy+22]. Table 2.1 summarizes the mapping between these real-world
problems and their respective MDP components.

Anatomy of RL algorithms. An RL algorithm can be typically defined as an optimiza-
tion procedure that aims at finding policies that maximize the expected return n|[r|. Di-
rectly optimizing the expected return is difficult for many reasons. First of all the return
depends on full trajectories, and the expectation is taken over a distribution that involves
all future states and actions. This means that the trajectory-level return offers no local
information about which actions were actually good. Secondly, this return tends to have
extremely high variance when estimated from samples. For these reasons, we find our-
selves faced with the question of How do we measure which states or actions are good so we can
improve the policy? To answer this question, we mention Value functions and Q-functions,
which represent measurements of the expected sum of rewards respectively, from a state
s and taking an action a from a state s, both under the policy =:
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Environment S (states) A (actions) r (reward) P (transition) H (horizon)

® °: Rd Rd H’L’tH, St = Sgoal Si4+1 = f(S,g7 at) Finite
1 positions, motor torques running, physics-based episodic
Robotic control velocities goal-reaching simulator f
Rhxwxe Discrete +1 for win, Sir1 = f(st,ay) Finite
images, joystick -1 for loss, game engine f episodic
Games game stats game score
i\% Discrete Verifiable tasks sy, = cat(s;, a;) Until end of
RTxd € vocabulary mathematics,  concatenation sentence
Language token sequences coding

Table 2.1: Mapping examples of real-world problems to their corresponding MDP com-
ponents. A token represents a unit of language, and d, h, w, c are integers representing
arbitrary dimensions. ||i;|| represents the velocity along an arbitrary axis .

Definition 2.1.4 (Value function). Definition 2.1.5 (Q-function).

VT(s) =Exp|D 7'r(si,a) [so =8|  Q7(s,a) =E.p|d> 7'r(s;,a) |so=s,a0=a
t=0 t=0

These functions satisfy a recursive relationship known as the Bellman equation [Bel57b],
which expresses the value of a state (or state-action pair) in terms of the immediate
reward and the value of subsequent states and actions. Below is the Bellman equation
for the Q-function, which will be a central element in many RL algorithms we discuss
later.

Q" (s,a) = Egup(s,a) [r(s, a) + YEar (s [Q7 (8, a/)]]

Similarly, one can write the Bellman equation for the value function, and relate it to the
Q-function by taking an expectation with respect to the initial action:

VW(S) = Ea~7r(~\s) [QW(S, a)]
= Eann([s)s'~P(|sa) {T(S, a) + VEarr( s [Q7 (S, a’)ﬂ
=K

a~([s) s'~P(]s.a)[1(S; @) + V7 (s)]

It’s important to highlight the connection between the value of current states and ac-
tions and that of subsequent states and actions, a relationship made possible by the Bell-
man equation. Indeed, this recursive formulation enables the use of Dynamic Program-
ming (DP) [Bel57b] to propagate values across visited states, thereby refining estimates
of Q-functions through iteration. Before delving into how accurate estimates of value
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functions and Q-functions can be used to improve policies, let’s first caracterize optimal
policies, the object at the core of all RL algorithms.

Let’s denote II the set of all possible policies. An optimal policy 7* € II is defined as a
policy that achieves the highest expected return among all policies: n[7*] > n[x|,Vr € IL.
Regarding the existence of optimal policies, it can be shown that at least one optimal pol-
icy always exists for any MDP with finite state-action spaces [Put94]. Notably, there can
be multiple optimal policies that achieve the same maximum expected return. Moreover,
all optimal policies share the same optimal value function V* and optimal Q-function Q*.
The latter satisfies a special case of the Bellman equation, known as the Bellman optimal-
ity equation, which characterizes the relationship between the optimal Q-values of states
and actions:

Q*(S7 a) = IES’/\JP(-|S,a) I'(S7 a) +7 IﬂaE,%X Q*(slu a,)

The introduced Bellman equations naturally lead to the definition of the Bellman operator
7™ and the Bellman optimality operator T* as in definition 2.1.6. These operators are a key
stone in the definition of many RL algorithms, as it will be covered in the next sections
of this chapter.

A key property of these operators is that they are y-contractions (thatis, VQ, Q', ||T[Q] —
TQ e < 1Q—Q||oo, where ||-||o denotes the supremum norm), a feature that ensures
the existence and uniqueness of their respective fixed points by virtue of the Banach
fixed-point theorem [Ban22].

Definition 2.1.6 (Bellman Operator).

T7[Ql(s,a) = Esp(s,a) {Y(S, a) + YEa wr(1s)[Q(S', a’)]] (classical)

T*Q](s,a) = Egp(s,a) {r(s, a)+ max Q(s, a’)} (optimal)
for any function Q) : S x A — R, policy = € 11, and state-action pair (s,a) € S x A.

A key property of these operators is that they are ~-contractions', a feature that ensures
the existence and uniqueness of their respective fixed points by virtue of the Banach
fixed-point theorem [Ban22]. This means that sequences obtained by iteratively apply-
ing these operators: VQo, Qn41 = T7[Qx] (respectively Q,+1 = T*[Q,]) will converge
to the corresponding Q-function Q™ (respectively )*). Using these tools, we can now
describe how different RL algorithms approach the problem of finding optimal policies.

IThatis, VQ, Q', | T[Q] — TIQ |l < 7/|Q — Q|ls, where || - || denotes the supremum norm.
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2.1.1 Dynamic Programming

DP methods [Bel57b] are a class of algorithms that directly leverage the Bellman equa-
tions to iteratively improve estimates of value functions and policies. These methods rely
on the assumption that the full model of the environment (i.e., transition probabilities
P and reward function r at all states and actions) is known to the agent. To ensure that
such an assumption holds, DP methods are restricted to the class of MDPs with finite
state and action spaces, the so called Tabular setting. Below we show the pseudo-code of
two fundamental DP algorithms: Q-Value Iteration (VI) [Bel57b]| and Policy Iteration (PI)
[How60]. These algorithms enjoy theoretical guarantees of convergence to the optimal
policy 7* thanks to the aforementioned Bellman operators” properties.

Algorithm 1 Q-Value Iteration Algorithm 2 Policy Iteration

Input: MDP (S, A, o, v, P, 1), Qo Input: MDP (S, A, o, v, P, 1), m0, Qo

for £ =0,1,2, ... until convergence do forn =0, 1,2, ... until convergence do
for (s,a) € S x Ado for k = 0,1, 2, ... until convergence do

Qk+1(sv a) = T*[Qk] (57 a) Qk-ﬁ-l(sv a) =T™ [Qk] (S> 3)7 V(S’ a)

end for end for

end for Tnt1(s) = argmax, Qk(s,a), Vs

7 (s) = argmax, Q(s,a), Vs end for

return 7* return m,

As it can be seen in Algorithm 1, the Q-Value Iteration algorithm iteratively applies the
Bellman optimality operator 7* to update the Q-function estimates until convergence.
In practice, we assume convergence when the maximum change in Q-values across all
state-action pairs falls below a predefined threshold. The optimal policy is then derived
as the corresponding greedy policy, selecting the action that maximizes the Q-value for
each state. On the other hand, Algorithm 2 describes the Policy Iteration algorithm,
which alternates between policy evaluation (iterating the Bellman operator 7™ ) and pol-
icy improvement (greedy policy) steps until convergence. Next we are going to relax the
assumption of knowing the full environment model, and introduce RL algorithms that
learn optimal policies through direct interactions with the environment.

2.1.2 Value-based methods

In more realistic settings, agents only have access to realizations of the transition proba-
bility P and reward function r corresponding to states and actions visited during past in-
teractions. Value-based methods aim at learning optimal value functions or Q-functions
solely from these interactions. In this type of algorithms, we distinguish between two
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major phases: i) acting where the agent chooses actions to interact with the environ-
ment, and ii) learning where the agent updates its value function or Q-function estimates
based on the collected experience. One of the most well-known value-based algorithms
is Q-Learning [Wat89; WD92], which uses the Bellman optimality equation to update its
Q-function estimates. For a transition (s, a;, 14, s:+1) the Q-Learning update rule using
the so-called Temporal Difference (TD) learning can be expressed as follows:

Q(s,ay) <+ Q(st, ) + (Tt +ymax Q(se1,a) — Q(sy, at)> ;

where « is a learning rate that controls the step size of the update.

On-policy vs off-policy RL. To compute the TD target, Q-Learning uses the maximum
Q-value over all possible actions from the next state s, ;, as shown in the green line of Al-
gorithm 4. However, the action that realises this maximum (arg max, ¢)(s;+1,a)) do not
necessarily correspond to the action a,; used to interact with the environment. The fact
of learning the optimal policy independently of the actions taken by the current policy
is referred to as off-policy RL, which is the case for Q-learning (Algorithm 4). An al-
ternative algorithm called SARSA (State-Action-Reward-State-Action) [RN94] uses the
Q-value of the action a,;; actually taken in the next state s;;;, as shown in the

line of Algorithm 4. The latter approach is referred to as on-policy RL.

In the tabular setting, and similarly to the policy improvement phase in PI (Algorithm 2),
the acting policy can be chosen as the greedy policy with respect to the current estimate
of the Q-function. However, because the initial Q-estimates are inaccurate, it is standard
practice to use exploration strategies (e.g., e-greedy” as in Algorithm 3) to encourage the
agent to sample diverse actions and states early on.

Algorithm 3 e-greedy policy 7

Input: Q-function (), exploration rate e, state s,
if random number € [0, 1] < ¢ then

a; ~U(A) > uniform distribution
else

a; = arg max, Q(s;,a) > greedy policy
end if
return a;

Analoguous to the difference between VI and PI, Q-Learning’s update rule is based on
the Bellman optimality operator 7, whereas SARSA’s is based on the Bellman operator

2To ensure convergence to the optimal policy, the exploration rate ¢ must decay to 0 over time so that
Q7% converges to Q* asymptotically.
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Algorithm 4 Q-Learning (off-policy) / (on-policy)

Input: MDP (S, A, 119,7), learning rate a, exploration rate ¢, initial Q-function @)
for episode =0, 1, 2, ... do

Initialize sy ~ puo, ag ~ g (-[So)

fort =0, 1, 2, ... until episode ends do

St+1, Tt < P(|sg, ar), r(sy, ag) > agent-environment interaction
Q(st,a) < Q(sy,a;) +a <1"t +7 max Q(st11,a) — Q(sy, at))
TD with 7* ]
a1 ~ mo.e(+[St41) > e-greedy policy
end for
end for

return 7 o

T7. However, unlike DP methods, the expectations in these operators are not computed
exactly but are instead approximated using the single transition (s, a;, 14, S¢+1, a;11) ob-
served at each timestep t.

One major drawback of the Q-Learning algorithm (and tabular methods in general) is
the fact that it stores the Q-function as a table, which becomes impractical for large or
continuous state spaces. To address this limitation, function approximation techniques
can be used to cast learning the Q-function as a regression problem based on samples
collected from the environment. The learned regression model can then generalize, and
provide estimated values that can be used to select actions in previously unseen states.
In this setting, the agent-environment interactions are typically stored in a replay buffer
D = {(s;,a;,1;,8})})Y, that contains tuples of states, actions, rewards, and next states.
The Q-function parameters (denoted #) are then updated by gradient descent in the
direction minimizing the Mean Squared Error (MSE) to the TD targets. Algorithm 5
shows the variant when the function approximator is a neural network, resulting in the
well-known Deep Q-Network (DQN) [Mni+15] algorithm, famous for achieving human-
like capabilities in the Atari benchmark [Bel+13].

The two main ingredients that contributed to the success of DQN are: i) experience replay
through the use of a replay buffer D to store and reuse past experiences, and ii) the use
of a target network for which the parameters (copy(¢)) update frequency is reduced rel-
ative to that of the current parameters ¢. More recently, other DQN variants have been
proposed to further improve performance and stability. This includes but is not lim-
ited to Double DQN [HGS16], Dueling DQN [Wan+16], Prioritized replay [Sch+16a],
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Algorithm 5 Deep Q-Network (DQN)

Input: MDP (S, A, 1o, ), learning rate «, exploration rate ¢, replay buffer D, initial
Q-network parameters ¢
for episode =0, 1, 2, ... do

Initialize state sy ~ g

fort =0, 1, 2, ... until episode ends do

ar ~ g, .(+|st) > e-greedy policy
Si11, T < P(sg, ap), r(sy, ag) > agent-environment interaction
Store (s, a;, 14, 8441) in D
Sample mini-batch {(s;, a;, r;,s})}2 | from D > batch size B
2
L(0) =5 X, | 1+ ymax Qeopy(o) (8], ") — Qo(si, a;) > loss function
a ———
TD target prediction

00— aVyL(0) > gradient descent step
if targte network update frequency then

copy(f) « 6 > target network update
end if

end for
end for

return mg, —o

Multi-step targets [Sut88], and Distributional RL [BDM17]. The combination of these
techniques has led to one of the most powerful RL algorithms for discrete action spaces:
Rainbow DQN [Hes+18], capable of achieving super human-level performance on the
Atari benchmark [Bel+13]. Although being impactful, DON and its variants are limited
to discrete action spaces. Indeed, computing the max over all possible actions becomes
intractable when the action space is continuous. To address this limitation, Policy-based
methods have been developed to handle continuous action spaces by directly parameter-
izing the policy.

2.1.3 Policy-based methods

These methods focus on directly optimizing the policy 7, parameterized by ¢ (e.g., using
neural networks) to maximize the expected return 7n[r,]. We have mentioned at the be-
ginning of this section that directly optimizing 7 is challenging due to its dependence on
tull trajectories and the high variance of its estimates. Throughout this section, we will
explore how policy-based methods tackle these challenges to effectively learn optimal
policies. This is typically achieved using gradient ascent techniques, where the policy
parameters are updated in the direction maximizing the expected return. For this to
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happen, we need to compute the gradient of the expected return with respect to the pol-
icy parameters ¢. Expanding the expectation and using the logarithmic trick®, the policy
gradient theorem [Sut+00] provides a simple way to estimate this gradient:

Theorem 2.1.1 (Policy Gradient Theorem).

VM[%] 7r¢ P (Z Y St’ Ay ) Vg log 7T¢>(at|5t)

t=0

G

Computing the Expectation in theorem 2.1.1 is generally intractable as it involves an
integration over potentially infinite state and action spaces. In practice, the gradient can
be estimated using Monte-Carlo sampling [MU49] by collecting trajectories from the
environment using the current policy 7. This results in the well-known REINFORCE
algorithm [Wil92b], which pseudo-code is shown in Algorithm 6.

Algorithm 6 REINFORCE

Input: MDP (S, A, 119, 7), learning rate «, initial policy parameters ¢

for episode =0, 1, 2, ... do
Generate episode (so, agp, To, S1, A, ..., sT) using w4 > agent-environment interaction
fort=0,1,2,.. T do

G =Xy "y > return from time step ¢
¢ ¢+ aGV,logms(ays:) > policy update
end for
end for
return 7y

Practically, the return term G, in Algorithm 6 has been shown to have high variance
[Seil7], which can lead to unstable policy optimization. As a remedy, we can subtract
a baseline function b(s,) from the return, which does not introduce bias in the gradient
estimate while reducing its variance [ GBB04; WT01]. A common choice for the baseline
is the value function V™ (s,), leading to the return taking the form: G, = 7 _, 7" 7'ry —
V7 (s,). Furthermore, it has been shown that the policy gradient can be written in terms
of multiple estimates of the return G,, all being instances of the so-called Generalized

3The logarithmic trick refers to removing the derivation variable ¢ from the expectation term by ob-
Vom(asls:)
Ty (ag]sy)

serving that V, log 7y (as[s;) =
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Advantage Estimation (GAE) [Sch+16b]. For instance, we can use the Q-function esti-
mate with a baseline in-place of the return, resulting in the so-called Advantage function.
This leads to the following expression of the policy gradient:

VM[% 7r¢P 27 (Q™(st,a;) — V7™ (s1)) Vg log my(ay|st)

Advantage function: A™% (s¢,a)

With the Q-function now being part of the policy gradient expression, we can combine
value-based and policy-based methods to form Actor-Critic algorithms. These meth-
ods combine the low-variance value estimation of value-based approaches with the di-
rect policy optimization of policy-based methods, resulting in more stable and sample-
efficient learning.

2.1.4 Actor-critic methods

These methods consist of two main components: the actor, which represents the policy
74, and the critic, which estimates the value function or Q-function @)y. The underlying
mechanism consists in the critic evaluating the actions taken by the actor, thus provid-
ing feedback to improve the policy. The next algorithm (Algorithm 7) shows a simple
actor-critic method where the critic estimates the Q-function using TD learning, and the
actor updates its policy using the estimated Q-values plugged in the policy gradient
expression.

Corollary 2.1.1 (Off-policy Policy Gradient).

me(agse) .
Vonlre) = B |31 o Qno s, 2V, ol

In Algorithm 7, the actor and the critic are updated using either an off-policy or

fashion, similar to respectively Q-Learning and SARSA. One key difference however, is
the fact that the off-policyness in this case doesn’t stem from taking the maximum over
actions (as in Q-Learning), but rather from using transitions collected under a different
(older) policy 7. To account for this discrepancy in the off-policy setting, an impor-
tance sampling [KM53; PSS00; Mun+16] weight ’Td’(?;‘sll)) is introduced in the actor up-
date. This importance weight comes from the der1vzladt1on of the off-policy policy gradient
[DWS12], which follows similar derivation steps to theorem 2.1.1. As shown in corol-
lary 2.1.1, the only difference is the expectation being taken with respect to an arbitrary

behavior policy* p instead of the current policy .

“In Algorithm 7, the behavior policy correspond to older versions of the policy being updated: .
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Algorithm 7 Actor-Critic (off-policy / )

Input: MDP (S, A, 119, 7), learning rate «, replay buffer D, initial policy parameters ¢,
initial Q-network parameters ¢
for episode =0, 1, 2, ... do

Initialize sy ~ puo, ag ~ ms(+|so)

fort =0, 1, 2, ... until episode ends do

St11, Tt < P(|sg, ar), r(sy, ag) > agent-environment interaction
Store (s;, a;,14,8;11) in D

Sample mini-batch {(s;, a;, r;,s;)}2 , from D > batch size B
Critic update: > minimize TD error

a ~ my(-|s;) foralli=1,..., B
0 40— aVy (% S (1 + 1 Qeopy(o) (51, 2) — Qulsi,a:))?)

arr1 ~ Ty(-|Ser1) > sample next action from policy
Actor update: > policy update
b ¢+« <}3 s %(QU(SI a;)Vylog 7ro(a7-|s7-)> > with importance
Pold L=
weight
end for
end for
return 7y

The additional importance weight in corollary 2.1.1 is actually a likelihood ratio that
corrects the distribution mismatch between the behavior policy 1 and the target policy
7. To compute this ratio (and also the derivative term V,log 7,) in practice, the like-
lihood model defined by the parametrized policy 7, needs to be known and tractable.
This is often the case when using stochastic policies parameterized by neural networks
that learn parameters of known probability distributions, e.g. Gaussian policies for con-
tinuous action spaces: m,(als) = N (a; 114(s), 04(s)I) where A/ denotes the PDF of a nor-
mal distribution with mean /,(s) and covariance o,(s)l. Practical implementations of
on-policy actor-critic methods with a stochastic policy include Advantage Actor-Critic
(A2C) [Mni+16] and its asynchronuous version A3C [Mni+16]. Numerous determin-
istic policy gradient methods have also been developed, including Deterministic Policy
Gradient (DPG) [Sil+14], its deep variant DDPG [Lil+16], the distributional RL exten-
sion D4PG [Bar+18], and the overestimation bias-adjusted® Twin Delayed DDPG (TD3)
[FHM18]. For off-policy actor-critic algorithms, ACER (Actor-Critic with Experience
Replay) [Wan+17] is a well-known method that combines experience replay with im-

Overestimation bias denotes the phenomenon whereby, under function approximation, Q-value esti-
mates tend to exceed their true values within the TD learning framework.
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portance sampling corrections.

Exploration vs exploitation. In RL, balancing exploration and exploitation is crucial
because the agent must try new actions to discover potentially better rewards (explo-
ration) while also leveraging known high-reward actions to maximize returns (exploita-
tion). For instance, in the Q-Learning and DQN algorithms we use an e-greedy policy to
encourage exploration through the selection of uniformly random actions. In the context
of actor-critic methods, exploration can be encouraged by adding an entropy regulariza-
tion [Haa+17; Haa+18a] term to the policy objective. This regularization term encour-
ages the policy to maintain high entropy, thus promoting exploration of different actions.
The modified policy objective with entropy regularization can be expressed as follows:

Definition 2.1.7 (Max-entropy Return).

7] =Epupmp | D 7'1(s1,a0) + AH(m(-[s0)) |,
=0
where H(7(-|s)) = —Eawnr(js)[log 7(als)] is the entropy of the policy m at state s, and X\ > 0
a temperature parameter.

Analoguous to the steps we took to define the Q-function and the classical Bellman oper-
ator from the return in definition 2.1.3, we can derive the soft Bellman operator [ Haa+17]
corresponding to the max-entropy return:

51lQ1(s,2) = Bgop(jsm)[1(5,2) + 1Barun(ien [Q(S', ') — Mog m(a']s")].

Using 7.5, to perform policy evaluation in actor-critic methods leads to the Soft Actor-
Critic (SAC) [Haa+18a] algorithm, which was shown to obtain state-of-the-art perfor-
mance on various continuous control benchmarks. Algorithm 8 shows the pseudo-code
of the SAC algorithm.

SAC is an off-policy actor-critic algorithm that uses a replay buffer to perform updates
using past experiences. An important aspect of SAC is the use of the reparametriza-
tion trick [Hee+15; KW13] during the actor update. This implies that instead of us-
ing the policy gradient theorem and importance sampling weights, one can directly
update the policy parameters in the direction maximizing the Q-values, provided that
the sampled actions a;, are differentiable with respect to ¢. This is made possible by
the reparametrization trick, where actions are obtained by transforming samples from a
fixed distribution (e.g., standard normal) using a differentiable function parameterized
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Algorithm 8 Soft Actor-Critic (SAC)

Input: MDP (S, A, 10, 7), learning rate «, replay buffer D, initial policy parameters ¢,
initial Q-network parameters ¢
for episode =0, 1, 2, ... do

Initialize state sy ~ g

fort =0, 1, 2, ... until episode ends do

a; ~ y(-[st) > sample action from policy
Si11, Tt < P(|sg, ar), r(sy, ag) > agent-environment interaction
Store (s, a;, 14, 8441) in D

Sample mini-batch {(s;, a;, r;,s)}2 | from D > batch size B
Critic update: > minimize soft TD error

a) ~my(-s;) foralli =1,...,B

00— aVy | 532 (ri +7(Qeopyo) (57, A7) — Mog my(ajls;)) — Qu(si, a;))?

TD with 7.7,
Actor update: > policy update
a;, ~ my(-|s;) foralli=1,... B > reparametrization trick
6 ¢+ aVy (5 XL, (Qosiai,) — Mogm(as, |s)) )
end for
end for
return 7y

by ¢: as = tanh(ue + 04 © €) with e ~ A(0,I) and ® denoting element-wise multiplica-
tion. The tanh (also called squashing) function is often used to bound the actions within
a certain range, typically [-1, 1]. When used, the log-likelihood function is adjusted ac-
cordingly.

The introduced entropy term in SAC has an intriguing interpretation as a KL-divergence
between the policy and the uniform distribution®: H(7) = —dk(7||[d(A)). Using this
perspective, we can see that maximizing the entropy encourages the policy to stay close
to the uniform distribution, thus promoting exploration. In general, the idea of policy
optimization while remaining close to a certain distribution can be extended to other
choices of distributions, depending on the specific application or desired behavior.

Regularized RL. Building upon this idea, we can generalize the concept of regular-
ized RL by introducing a regularization term based on a divergence measure (e.g. KL-
divergence) between the current policy and a reference policy 7. This can be achieved

®In this expression, an additional log |.A| term appears, where |.A| is the volume of the action space. In
practice, this term doesn’t intervene in optimization and can be set to zero by normalizing A to have unit
volume.
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by introducing a hard constraint on the divergence between the two policies [KL02;
Sch+15], and solving the following constrained optimization problem:

max n[m,] subject to max dir(ms(+[8)||mres(-]8)) < 9,

where § > 0 is a threshold parameter. Approaches such as Trust Region Policy Opti-
mization (TRPO) [Sch+15] solve exactly this problem, with the choice of the reference
policy being the previous policy before the last update: 7w, = 7,,,. The motivation
for this choice is to ensure that the updated policy does not deviate too much from the
previous one, thereby maintaining stability during training. However, solving the above
constrained optimization problem can be challenging in practice, requiring approximate
second-order methods or computationally-heavy solvers”.

As a more practical alternative, Proximal Policy Optimization (PPO) [Sch+17] relaxes the
hard constraint using a clipped surrogate objective. This objective penalizes large devia-
tions from the reference policy by clipping the probability ratio between the current and
reference policies to a value close to 1. As depicted in Algorithm 9, PPO operates in a
similar fashion to REINFORCE (6) in the sense that one or many episodes are collected
from the environment prior to performing policy and value updates. The return G, is
then estimated as the return-to-go: G; = ZtT,;tl ~'~'r,, and used with a baseline to get an
estimate of the advantage A;. A key difference between PPO and other actor-critic algo-
rithms is the use of a value network Vj that estimates the value function, instead of the
Q-function. Furthermore, GG, is used as the target to train this value network, without
reoccuring to the TD learning that we have seen for value-based methods so far. Indeed,
when parameter updates are decoupled from agent-environment interactions, one can
estimate the true value of a state from the rewards collected from that state, eliminating
the need to bootstrap® the value function as done in the Bellman operator.

Regarding the policy update, the clipping objective of PPO consists in a minimum be-
tween the unclipped objective p(¢)A and the clipped objective clip(p(¢), 1 — ¢, 1 + ¢)A
which ensures that the policy updates remain within range. Taking the minimum does
not simply enforce a smaller update, instead it removes the incentive to increase the ob-
jective when p(¢) moves outside the clipping range in the direction favored by A. There-
fore, this surrogate objective helps stabilizing training by preventing excessive policy

shifts without explicitly constraining the step size. Thanks to its simplicity?, PPO has

"PFor example, TRPO uses the conjugate gradient algorithm together with the Fisher information matrix
to approximate the solution.

8In RL, bootstrapping refers to using the value function itself as a recursive proxy for part of the reward
sum appearing in its original definition.

9 Although simpler than the constrained optimization approaches like TRPO, it has been shown that in
practice PPO requires numerous implementation details to ensure optimal performance [Hua+22a].
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Algorithm 9 Proximal Policy Optimization (PPO)

Input: MDP (S, A, 119,7), learning rate «, clip parameter e,

Initialize policy parameters ¢, value parameters ¢

for episode =0, 1, 2, ... do
initialize sy ~ 9, D = ()
Generate episode (s, ag, ro, S1,ay, ..., S7) using 7, > agent-environment interaction
fort=0,1,2,... T"do

Compute empirical returns Gy = ¥7-1 ¥~
Compute advantages A =G, — Va(s;) for all ¢
Store (s, a;, G, A, ms(aslsy)) i in D > trajectory buffer
end for
for mini-batch {(s;, a;, G, A;, my,,(ai[s;))} 2., in D do > batch size B
pig) = Telals) > likelihood ratio

Thold (ai |Sl)

Critic update:
AN\ 2
00— aVes L, (Va(si) - Gi)
Actor update:
LYP(¢) = £ 37, min (Pi(qﬁ)ﬁu clip(pi(¢),1 —¢, 1+ E)Az‘)
¢+ ¢+ aV L)
end for

end for
return 7,

become one of the most widely used RL algorithms in practice, especially in continu-
ous'® control tasks. It has also been successfully applied to fine-tune LLMs using hu-
man feedback [Ouy+22], leading to significant improvements in alignment on various
natural language tasks.

RL for LLM fine-tuning. A variant of PPO called Groupe Relative Policy Optimization
(GRPO) [Sha+24] has been proposed to address specific aspects of LLM fine-tuning us-
ing RL. These aspects are related to the fact that in this setting, the network inputs (states
and actions) are sequences of tokens. Consequently, the networks themselves are con-
structed using the embedding components of LLMs, combined with a task-specific head
for either policy or value estimation. Moreover, in Reinforcement Learning from Human
Feedback (RLHF), the reward is derived from another LLM trained to predict a score re-
flecting human preferences. As a result, at least four distinct LLMs must be maintained
in memory during training: the policy, the value function, the reward model, and the

9PPO can also be used with discrete action spaces by parameterizing the policy as logits of a softmax
categorical distribution.
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reference policy. To mitigate the high memory footprint, GRPO proposes to replace the
baseline in the advantage estimate A, in PPO by a group relative average computed over
multiple actions sampled for each example. Additionally, GRPO explicitly includes a
KL-regularization term in the objective to further constrain the policy updates and re-
tain the LLM’s initial conversational capabilities. This leads to the following modified
objective for the actor update:
B
£0() = =3 fin (p1(6) s lip(pi(6). 1 — e, 1+ ) Ar) — M (o ()| 150)

=1

where .
A - 5 Vt,_trt/ — mean({ry, ... 7rf}<})’
pr std({rs, ... ,rt/K})
and {ry, ..., ry_} are rewards obtained by sampling K different actions for the same state

s;. GRPO forms the basis of the modern arsenal of RL algorithms used for fine-tuning
LLMs on verifiable tasks, such as mathematical theorem proving and code generation.
Since GRPO [Dee+25] demonstrated strong performance in LLM reasoning tasks, sub-
sequent works have focused on improving its stability and overall performance. For in-
stance, [Liu+25] introduced Dr GRPO (Distribution Robust GRPO), which eliminates
the standard deviation normalization term to correct estimator bias and improve to-
ken efficiency. Addressing the instability of long-horizon reasoning, [ Yu+25] proposed
DAPO, which employs an asymmetric Clip-Higher mechanism and dynamic sampling
to filter uninformative training tokens.

When testing some of these algorithms against popular benchmarks such as Atari games
[Bel+13] or MuJoCo continuous control tasks [ TET12], we can see that in general these
so-called model-free algorithms require a large number of interactions with the environ-
ment to reach satisfactory performance. This is evidenced by Figure 2.2 where we see
that even the best algorithms (respectively SAC for MuJoCo HalfCheetah and Rainbow
DON for Atari Breakout) need several million environment steps to reach high returns.
The number of interactions required to learn a good policy is often referred to as the sam-
ple efficiency of an RL algorithm, with more sample-efficient algorithms requiring fewer
interactions. One way to improve the sample efficiency of RL algorithms is to leverage a
model of the environment dynamics, leading to the field of Model-based Reinforcement
Learning (MBRL), which we will explore in the next section.

Summary. In this section, we began by introducing the fundamental components of
RL, including the MDP framework, value functions, and the Bellman equations. We
then examined a range of RL algorithms, starting with dynamic programming methods,
followed by value-based approaches such as Q-Learning and DQN, and policy-based
methods including REINFORCE and actor-critic algorithms. Finally, we covered more
advanced techniques, such as entropy regularization, regularized RL, and the widely
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Figure 2.2: Return of model-free RL algorithms.

used PPO algorithm, along with its GRPO variant for LLM fine-tuning. Table 2.2 pro-
vides a summary of the main RL algorithms discussed in this section, highlighting their
key characteristics.

Connection with the thesis

This section provided a comprehensive review of RL, which constitutes a central con-
cept of the thesis. In Chapter 3, the SAC algorithm is trained on synthetically gener-
ated data and leveraged to guide planning within a model-based framework. Build-
ing on this foundation, Chapter 4 adapts LLMs as transition models and integrates
them with SAC to improve sample efficiency. Finally, Chapter 6 shifts the focus to
policy gradient methods in the context of post-training, with particular emphasis on
REINFORCE and GRPO for LLMs fine-tuning.
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Algorithm type S A P,r actor critic objective on-/off- policy

VI a@d
[Bel58] DP W W greedy =  TD(T*) %]
PI ad
[How60] pP =0 =0 greedy = ¢ TD(T™) 2
Q-Learning . a@
[WD92] Value-based W (RN X e-greedy = o TD(T*) (@)
SARSA a@
[RN94] Value-based WO WO X e-greedy @ o TD(T™)
DQN ) a@ -
[Mni+15] Value-based - WD X e-greedy Qo o TD(T*)
REINFORCE A o o a: fmy]
[Wil92b] Policy-based \ \ X Ty 7] o
A2C / A3C Actor-Criti WL WL X ‘ Q a: n[my]
[Mni+16] ctorritie \. \. R o ¢ TD(T™)
ACER . @ @ a: nlmy] + IS 7
[Wan+17] Actor-Critie \. \. X 5 Qo & TD(T™)
SAC o WD a: Qy(s. ay) =
[Haa-+18a] Actor-Critic \ - X T4 Qo & TD(T2%)
TRPO Actor-Critic x - Vi a: nfmy) s.t. dgr, < 0
[Sch+15] \. \. ! a (Vo —Gi)?
Pro Actor-Criti x v a: LP(g)
[Sch-+17] ctor-Critic \ . Ty Y e (Vo — G2
GRPO ) W (FEm] a: LORM O(Ga)
[Sha+24] Policy-based \ \. X Ty %] @

Table 2.2: Summary of RL algorithms. Each row corresponds to an algorithm, while
each column describes one of its key properties. Type takes values among: dynamic
programming (DP), value-based, policy-based, or actor—critic methods. The state space
S and action space A take values among discrete (@) or continuous (“%). P,r col-
umn specifies whether the transition kernel P and reward function r are assumed to be
known (v') or unknown (X). Actor and Critic respectively refer to the policy (neural
7, or greedy/e-greedy), and the value model (tabular &, neural Qy or Vj, or none Q)
The objective column shows the learning objectives of the actor (e.g., n[r,] using the
policy gradient theorem, Qy(s, as) using the reparametrization trick) and the critic (e.g.,
TD(T7™), TD(T*), or (Vp — G;)? with G, being any return estimate). Finally, the on-/off-
policy column denotes whether the algorithm learns from data gathered by its current
policy (on-policy 9) or from external/replayed experience (off-policy GOP).

2.2 Model-based Reinforcement Learning

Besides the restricted class of DP algorithms, the classical RL algorithms we have pre-
sented so far assume no prior knowledge about the environment dynamics. Indeed, they
learn a policy (and/or value function) directly from experience gathered through agent-
environment interactions, which are realizations of the true transition dynamics P and
reward function r. Another way to use this collected experience is to learn a model of
the environment dynamics, which can then be used to further improve policy learning.
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Precisely, what we mean by model here is a parameterized approximation of either the
transition dynamics P (called dynamics model) or the reward function r (called reward
model). This approach is known as MBRL [Moe+23; Luo+22], and Figure 2.3 shows the
modification it adds to the original RL loop.

Agent
— > a;
—> a ~~ 7T('|St)

Model M

Str1, Tt 8111 ~ P(:|ss, ar)

f‘t = f‘(St, at)

St+1,T¢t

Environment M

si1 ~ P([sg,ar), 1 =1(ss,ay)

Figure 2.3: The Model-based Reinforcement Learning loop.

Having a dynamics model and a reward model, we can plug-in these learned compo-
nents into the MDP framework by replacing the true environment dynamics P and re-
ward function r by their respective approximations P,, and 7. This results in a learned
MDP M defined as follows:

Definition 2.2.1 (Learned MDP).
M\ - (87 A7 Ho, 7Y, 13¢7f”¢l)

where S, A, v, o are the same as M, and f’w and T, are learned approximations of P and t,
respectively.

Given a dataset D = {(s;,a;, 14, 8,41) }1Y; of past experiences collected from the true en-
vironment M and a data-collecting policy mp, we can learn the parameters ¢ of the dy-
namics and reward models by minimizing supervised losses as in definition 2.2.2. The
dynamics model loss corresponds to a Maximum Likelihood Estimation (MLE) of the
transition probabilities, while the reward model objective minimizes the MSE between
the predicted and true rewards. Depending on the model’s characteristics, these objec-
tives may vary; when they do, we will state them explicitly, otherwise references to the
dynamics and reward model objectives will refer to those defined in 2.2.2.
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Definition 2.2.2 (Model objective).

ngn E(s,,a¢,8041)~D [— log ?w(stﬂ |s¢, at)} (dynamics model)
ngn E(s, a¢,r)~D [|f¢(st, a;) — rt|2] (reward model)
where E, a, r,.s:41)~p 1S @ Monte Carlo estimate of the true expectation Ep ..

In the next sections, we will focus on dynamics models and assume that the reward
function is either known or directly accessible from the environment.

2.2.1 Dynamics models

So far we have defined the dynamics model as being a Forward model, meaning that it
predicts the next state s, ; given the current state s, and action a,. We can similarly de-
fine two other types of models: Backward model [MA93; Lai+20; Lee+20] where the goal
is to predict the previous state s,_; and action a,_; given the current state s,, and Inverse
model [LaV98; PMB21] where the goal is to predict the action a; taken to go from state
s; to state s;y;. Besides this model classification, there exist other ways to differentiate
dynamics models [Moe+23], such as deterministic vs probabilistic, or parametric vs non-
parametric models. In the rest of the thesis, we will continue to assume forward models
while exploring these other model types.

Deterministic vs probabilistic. A common choice when designing dynamics models
is to decide whether to make them deterministic or probabilistic. A deterministic dynam-
ics model directly predicts the next state as a function of the current state and action:
Syt = ﬁp(st, a;). This type of model is especially relevant when the environment dy-
namics are also deterministic'!, meaning that a given state-action pair always leads to
the same next state: Vs, a, 3s's.t. P(s'|s,a) = 1. For deterministic models, the training
objective boils down to minimizing the MSE between the predicted next state and the
observed next state, akin to a classical regression problem:

ngn E(St,at,St+1)ND [Hﬁf/(sh at) — St41 ||2] ’

On the other hand, a probabilistic dynamics model outputs a distribution over the next
state, mimicking an inherently stochastic environment. There are many reasons to opt
for a probabilistic model instead of a deterministic one. First of all, a deterministic model
disregards the randomness stemming from a stochastic environment. Furthermore, even
in the case of a deterministic environment, a probabilistic model enables uncertainty

n this case, we write the transition dynamics as a function: f : S x A — S where ;11 = f(s4, a;).
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quantification which helps identify randomness that is stemming from limited data or
model capacity. We now cite the two main approaches to learn probabilistic dynamics
models: The frequentist and the Bayesian approaches.

The frequentist approach to uncertainty modeling corresponds to finding the optimal
parameters that minimize the Negative Log-Likelihood (NLL) (as in definition 2.2.2)
of the observed next states under the predicted distribution. When the state and action
spaces are finite (the tabular case), the optimal parameters optimizing the MLE objective
correspond to the counting estimator'? [Sut91; BT02] of the transition probabilities:

- count(sy, as, Si11)

P(sii1lst,a) = S count(s,, ay, )
where count(s;, a;,s;;1) is the number of times the transition (s;, a;,s;.1) has been ob-
served in the dataset D. In the continuous case, the probabilistic model can be param-
eterized using any function approximation technique (e.g., neural networks) to output
the parameters of a distribution whose likelihood model is tractable. Typically, this can
be achieved by outputting the parameters of a Gaussian distribution from which the next
state is sampled: f’w(st+1|st, a;) = N(sei1; (e, ar), oy (e, an)l).

—— groundtruth « Training data —— deterministic probabilistic

7N\

\/\&

det

Environment

prob

det prob
Model

Figure 2.4: Deterministic vs probabilistic models.

Figure 2.4 illustrates the difference between neural network-based deterministic and stochas-
tic (frequentist) models evaluated against determinisitc and stochastic environment dy-
namics. For deterministic environment dynamics, both models are able to accurately

12An instance of the Laplacian smoothing operator, which can be shown [HOP18] to be the minimax
optimal estimator in this setting.
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tit the function, with the stochastic model correctly estimating the uncertainty of re-
gions with no data (see the center of the x-axis). In stochastic environments, although a
stochastic model can correctly capture uncertainty in regions supported by data, it fails
to extrapolate that uncertainty to unseen regions, resulting in overconfident and inaccu-
rate predictions.

This issue can be mitigated using the Bayesian [ Bay63 | approach to uncertainty modeling
that consists in placing a prior distribution over the model parameters 1) and inferring
a posterior distribution given the observed data using Bayes theorem'. This results in
a predictive transition distribution which integrates over the uncertainty in the model
parameters:

f)(St+1|Staat) = /ﬁw(st+1|st»at)P(1/”D)d¢-

This integral is often intractable, and various approximation techniques have been pro-
posed to estimate it, such as variational inference [ K\W14 ] or Markov Chain Monte Carlo
[Has70; JS96]. When using neural networks as function approximators in the context
of Bayesian inference, these models are refered to as Bayesian Neural Networks (BNN)
[Nea96; Mac95] where an entire distribution is maintained over the network weights
instead of scalar values. Another example is Bayesian Linear Regression [Bis07]. In
this case, when the prior distribution and the likelihood model are Gaussian, finding
the mode of the posterior distribution (the so-called maximum a posteriori estimate) is
equivalent to minimizing a Ridge-regularized least-squares'* objective. In the context
of MBRL, BNNs have been successfully used to model the environment dynamics in an
uncertianty-aware manner [ GMR16a; Dep+17; Dep+18].

Parametric vs nonparametric. The previously described Bayesian treatment applies
to parametric models, where the model structure is fixed and only the parameters are
learned. There exist also nonparametric models, where the model size can grow with the
amount of data. One example is Gaussian Processes (GP) [RWO06], which define a dis-
tribution over functions and can be used to model the transition dynamics in a Bayesian
manner. Formally, a GP is a collection of (infinite) random variables such that any fi-
nite subset of them has a joint multivariate normal distribution. A GP is completely
specified by two elements: a mean function m(z), and a covariance function (or kernel)
k(x,x"), which defines the similarity between data points and determines the shape and
smoothness of the resulting function. PILCO (Probabilistic Inference for Learning COn-
trol) [DR11] is a well-known MBRL algorithm that uses GPs to model the environment
dynamics and perform policy gradient based on the learned model.

13Bayes theorem states the relationship between the posterior p(¢)|D), the likelihood p(D|¢), and the
prior p(y) as p(¢|D) = %, where p(D) is called the evidence.
“For a linear model: Y = WX, this corresponds to minimizing [|[Y — WX |3 + \|W||3, where X is a

parameter controlling the strength of the regularization (equivalently the prior distribution).
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Uncertainty quantification. In MBRL, it is crucial to accurately quantify the uncer-
tainty in the learned dynamics model, as this uncertainty directly impacts the quality
of the resulting policy. A distinction is made between aleatoric uncertainty, arising from
inherent stochasticity in the environment dynamics, and epistemic uncertainty, which re-
flects the model’s estimation and approximation errors'. Models based on Bayesian
principles, such as BNNs or GPs, inherently capture both types of uncertainty. Indeed,
the posterior distribution over the model parameters accounts for epistemic uncertainty,
while the obtained predictive distribution captures aleatoric uncertainty. On the other
hand, MLE-based models only capture aleatoric uncertainty through the variance of the
learned distribution, in which case this estimate is contaminated by the model’s epis-
temic uncertainty. To equip these models with uncertainty separation [KG17], several
techniques have been proposed, such as ensemble methods [Die00] and Monte Carlo
dropout [GG16b]. For instance, ensembling consists in having N;, > 1 models, each
initialized randomly and trained on a set D, for ¢ € {1,..., N} generated by sampling
with replacement’® from the common dataset D. Using ensembles, we can compute a
disagreement metric [Lu+22] to capture the epistemic uncertainty, as opposed to the
aleatoric uncertainty learned by each member of the ensemble separately:

1 1
Var(s = 2(sp,ar) + ~—— (si,a;) — fi(sy, a;))?
( t+%) N, ;0@( £ a) + N ;(Mz( t>ar) = [i(S; &),
Total Uncertainty
Aleatoric Epistemic

where p; and o; are the mean and standard deviation predicted by model i of the ensem-
ble, and j: is the average mean prediction across all models.

Latent space models. When dealing with high-dimensional state spaces, such as im-
ages, learning dynamics models directly in the observation space can be challenging due
to the complexity of modeling pixel-level transitions. Furthermore, these observations
might be incomplete or noisy representations of the true underlying state of the environ-
ment. Partially-observable MDPs (POMDP) [ KLC95] are a generalization of MDPs that
account for such scenarios by introducing an observation space O and an observation
function Py : § — O that defines the probability of observing o, given the underlying
state s;. To address these challenges, latent space models have been proposed [HS18b;
Haf+19a], which learn a lower-dimensional representation of the state space, known as
the latent space Z. These models typically consist of an encoder enc, : O — Z that
maps observations to latent states, a dynamics model P, : Z x A — Z that predicts the
next latent state given the current latent state and action, and a decoder dec,, : Z — O

15Also called bias and variance in empirical risk minimization theory. They indicate respectively the
gap between the actual solution and the best in-class solution, and the gap between the found solution
and the best in-class solution.

16Referred to as bootstrapping in statistics.

32



that reconstructs observations from latent states. All the components of the latent space
model can be learned jointly using a combination of reconstruction and prediction losses.
However, reconstruction is not always necessary, and some approaches focus solely on
learning reconstruction-free dynamics models in the latent space [Ngu+; DJA; OT22;
Gar+24]. To account for partial observability, sequence-modelling architectures such
as RNNs (Recurrent Neural Networks) [Chu+15] or Transformers [Vas+17] are often
used to maintain a history of past observations, enabling the model to infer the under-
lying transition more accurately.

2.2.2 Planning using dynamics models

Traditionally, Planning refers to any computational process that uses a model of the en-
vironment dynamics (either known or learned) to obtain an optimal policy [GB13]. For
instance, the classical DP algorithms we have presented in the previous section are ex-
amples of planning methods, as they assume access to the true environment dynamics P
and reward function r. In general, Planning methods can be categorized into two main
classes: decision-time planning and background planning [SB18]. The former type of plan-
ning is performed at each decision step, where the agent uses the model to simulate
possible future trajectories and select the best action based on these simulations. On
the other hand, background planning involves using the model to generate data “in the
background", and improve the policy based on the model-generated experience (as in
Figure 2.3). In the following, we will discuss different instances of both decision-time
and background planning methods.

Decision-time planning

Model Predictive Control (MPC). MPC [CB99] is a decision-time planning method
that uses the model recursively to plan at each timestep ¢ and optimize over action se-
quences {(a},, y)keq1,..xy} where H € N* is the planning horizon, and K € N* the
number of candidates (population size). As opposed to learning a parametrized policy
74, MPC is simple to implement, has lower computational burden (since no gradients
are involved), and is more accurate than optimizing over a single action per timestep.
The latter advantage comes at the cost of higher running time per action selection as
the number of model calls grows linearly with the planning horizon and the population
size. The evaluation function fﬁw : A x & — R is the expected cumulative reward of
the action sequence starting from state s:

t+H

f;wl At:t+H, S ZE STuaT |St_S]
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where the expectation is taken over the learned dynamics model P, and r is the true
reward function 7. The MPC controller then performs the first action a} of the optimal
action sequence ay,, ; = argmin,, . f(a+ ) in the real environment, and restarts the
process in the next timestep. Multiple ways to sample the candidate action sequences
exist; the most naive approach being to sample uniformly at random from the action
space A. This results in the Random Shooting (RS) algorithm, whose pseudo-code is
given in Algorithm 10.

Algorithm 10 Random Shooting (RS)

Input: state s;, dynamics model P, reward function r

Sample action sequences {af,, ,_; }1—; ~ U(A") > uniform distribution
k1K eval k K :

{RF} fﬁw({at:t CH-1)he1:5t) > evaluate action sequences

k* = arg max, R

return mrs(s;) = al’ > first action of best sequence

Although simple and effective, RS suffers from the curse of dimensionality'®, especially
when planning for long horizons or dealing with high-dimensional action spaces. In-
spired from the field of evolutionary algorithms [CL18], more sophisticated sampling
methods have been proposed to address this issue, such as CEM (Cross-Entropy Method)
[de +05]. In CEM, the sampling distribution is iteratively refined over multiple itera-
tions by selecting the top-performing action sequences (the so-called elite set) and up-
dating the sampling distribution parameters to better fit these elite samples. The pseudo-
code for CEM is given in Algorithm 11. PETS (Probabilistic Ensembles with Trajectory
Sampling) [Chu+18] is a MBRL algorithm that uses CEM with an ensemble of prob-
abilistic neural network-based dynamics models. PETS whose pseudo-code is given in
Algorithm 12 has shown strong empirical performance on various continuous control
benchmarks, achieving high sample efficiency and competitive asymptotic performance
compared to model-free algorithms.

PETS performs planning directly in the observation space, meaning that the dynam-
ics model predicts the next observation given the current observation and action. In
parallel, it is also possible to apply a similar strategy in a learned latent space when us-
ing latent dynamics models, as done in the PlaNet (Deep Planning Network) algorithm

7Tt is also possible to virtually extend the planning horizon to co by bootstrapping with a value function:
)i Es, [r(sr ar) | se = s] + Eg [V(se4m+1)]

8The curse of dimensionality refers to the phenomenon where, as the number of dimensions increases,
the volume of the space grows exponentially, causing data points to become increasingly sparse.
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Algorithm 11 Cross-Entropy Method

Input: state s;, dynamics model 15¢, reward function r, elite fraction p, iterations /
Initialize sampling distribution Pcpy € A(A¥) > e.g. Gaussian
fori=1,2,...,1 do

Sample {af,, ;_; }ie1 ~ Pcem

{RFYE |+ f%‘;ai({aﬁt CH_1 1, St) > evaluate action sequences

Select elite set £ > top pK sequences

Update Pcgym using € > e.g., fit Gaussian to elite set
end for

return mcpm(s:) = Epgy, [a]

Algorithm 12 PETS

Input: MDP (S, A, r, 110, 7), replay buffer D, CEM parameters, initial ensemble param-
eters ¢ = {#;} 7, learning rates a
for episode =0, 1, 2, ... do
Initialize sy ~ o
fort =0, 1, 2, ... until episode ends do
Model learning:
for modeli=1,2,.. N,, do
D; = bootstrap(D) > sample with replacement
Vi <= Ui +aVy, Y5 aseD; {log Py, (s']s, a)} > MLE loss
end for
Planning:
a; < mcem(St) > MPC
Si11, Tt < P(|sg, ar), r(sy, ag) > agent-environment interaction
Store (s, a;,14,8;41) in D
end for
end for
return mpgTs

[Haf+19a]. In this case, the observations are first encoded into a lower-dimensional rep-
resentation, while the evaluation function is computed by rolling-out trajectories in this
latent space. The PlaNet algorithm further learns a reward model in the latent space
to compute the evaluation function, and uses a RSSM (Recurrent State-Space Model)
[Chu+15] as the dynamics model to better capture temporal dependencies. Regarding
decision-time planning paradigms, several alternatives to MPC exist, such as the more
elaborated MPPI (Model-Predictive Path Integral) [ WAT17] used in several MBRL algor-
tihms such as MBOP (Model-Based Offline Planning) [ AD21]. TD-MPC (Temporal Dif-
ference Model Predictive Control) [HWS22] and its scalable variant TD-MPC2 [ HSW24 ]
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are one example that combine reconstruction-free latent dynamics models with MPPI to
achieve state-of-the-art performance in continuous control environments.

Monte-Carlo Tree Search (MCTS). An alternative planning paradigm called MCTS
[Cha+08b] explicitly reasons over long-horizon sequences by building a partial search
tree over state action trajectories. When combined with a learned dynamics model,
MCTS can be used to simulate future rollouts and selectively expand promising branches
according to an exploration—exploitation trade-off, typically guided by upper confidence
bounds [LR85; KCG12]. In contrast to trajectory optimization methods such as RS or
CEM, which optimize open-loop action sequences, MCTS performs closed-loop plan-
ning by conditioning future actions on the visited states. This property makes MCTS
particularly attractive in discrete or structured action spaces and in settings where long-
term strategic planning is required. Several algorithms have successfully integrated
MCTS planning, most notably in AlphaGo [Sil+16] and AlphaZero [Sil+18] which use
the true transition function and tackle challenging tasks such as chess and GO. In the
context of learned dynamics models, MuZero [Sch+20] is a prominent example that
combines MCTS with a learned latent dynamics model to achieve state-of-the-art per-
formance on various environments.

Background planning

Background planning methods use the learned dynamics model to generate synthetic
experience offline, which is then combined with real interaction data to improve the
value or the policy. In this paradigm, the agent alternates between updating the dy-
namics model from the replay buffer, generating synthetic transitions using the learned
model, and updating the policy or value function using both or either of the real and
synthetic data. The so-called Dyna-style methods [Sut91] constitute instantiations of
this paradigm with RL algorithms such as Q-learning or Actor-Critic methods. From
a formal perspective, Dyna-style methods rely on policy evaluation and improvement
under the learned MDP M. When training a policy = on model generated data, the
corresponding return and value function under the learned dynamics are defined as

Nir| = E B, [Z ’ytr(st,at)], V7(s) = Ewﬁw > (s, &) | so = s,

t=0 t=0

with an analogous definition for the action-value function Q™. Using 7[7] to evaluate a
policy 7 introduces an error compared to the true return 77| due to the inaccuracies in
the learned dynamics model. When the model is learned on a dataset D collected with a
data-collecting policy mp, the simulation lemma (lemma 2.2.1) characterizes how com-
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pounding model errors and policy mismatch' jointly influence the deviation between
the true and learned returns [ KS02; BT02; KKL03; XLY20b].

Lemma 2.2.1 (Simulation lemma). Given bounded and policy shift
E(sayp|drv(P( | s,2)[|Py(- | s,a))] <o and  maxdyy(r(|s)||mp(|s)) < e
the return error of the policy m is bounded as

gl P
e E (e &

Iﬂﬂ—nhHSQli
where Ty, = maxs , [1(s, a)|.

Proof. See Lemma 3 in [ XLY20a] for a full proof. O

The first term in the bound captures the effect of compounding model errors, which
grows quadratically with the effective horizon 1/(1—+). In practice, ¢, can be assimilated
to the model’s average training loss on the dataset D. The second term captures the effect
of policy mismatch, which can be controlled by ensuring that the learned policy does not
deviate too much from the data-collecting policy 7p.

A practical instance of the dyna-style paradigm is the Model-Based Policy Optimization
(MBPO) algorithm [Jan+19] which has shown strong empirical performance by com-
bining an ensemble of probabilistic dynamics models with the SAC algorithm. MBPO
uses the learned dynamics model to generate short rollouts starting from states sampled
from the real experience replay buffer, and adds these model-generated transitions to
the replay buffer used by SAC. This approach helps mitigating the compounding errors
that can arise from long rollouts in the learned model, while still benefiting from the ad-
ditional data provided by the model. As explicited in Algorithm 13, MBPO also learns a
reward function 1, alongside the dynamics model. In the same fashion as MBPO, mul-
tiple other dyna-style MBRL algorithms have been proposed such as ME-TRPO (Model
Ensemble TRPO) [Kur+18], where the TRPO algorithm is used instead of SAC for policy
optimization.

While the simulation lemma provides a general characterization of how model error
affects policy evaluation, it does not directly explain the empirical effectiveness of short-
horizon model rollouts as used by MBPO. In particular, MBPO relies on branched rollouts
that first follow the true environment dynamics, then at timestep ¢ with probability ~*

19Both the model error and the policy shift are quantified as a total variation distance (denoted drv )
between their respective input distributions.
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Algorithm 13 MBPO

Input: MDP (S, A, 10, 7), replay buffers D, Dyodel, model rollout horizon h, ensemble
parameters ¢ = {%’}fi"i, policy parameters ¢, value parameters ¢, learning rate o
for episode =0, 1, 2, ... do
Initialize sy ~ g
fort =0, 1, 2, ... until episode ends do
a, ~ (|51
Si11, Tt < P(|sg, ar), r(sy, ag) > agent-environment interaction
Store (s, a;, 14, 8;41) in D
Model learning:
for modeli =1,2,...N,, do
D, = bootstrap(D)
Vi i — aVy, Xis arsen; [— log Py, (s'|s,a) + [Ty, (s, a) — r|2}
end for
Model rollouts:
Sample initial states §, ~ D
{(8, 2,1, 8011) MLy ~ 74, Py > Generate model rollouts
Store (8, ay, 1, 8¢+1) iN Diodel
Policy optimization:
Update 7, and Qg using SAC on D U Dpodel > real + model data
end for
end for
return 7y

switch to the learned dynamics model for & steps. The branched return bound intro-
duced in MBPO then quantifies the discrepancy between the h-step branched rollout
and the true return, relating it to the model error, policy shift, and the rollout horizon
h. theorem 2.2.1 highlights the trade-off between the rollout horizon %k and the com-
pounding model error. By choosing a smaller %, the impact of model error on the return
estimation is reduced, at the cost of less model-generated data to train the policy.

Theorem 2.2.1 (Branched return bound). Given similar bounds on the and
policy shift as in lemma 2.2.1, the h-step branched return error is bounded as

Yle, A4+ 2 h
€r +
1—7)? 1-7v 1—1

19[7] = nl7]l < 2 s ( (ep +2¢exr)|,

where Ty, = Maxg, |r(s,a)l.

Proof. See Theorem 4.2 in [Jan+19] for a full proof. O
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Background planning in latent spaces. Similar to decision-time planning, background
planning can also be performed in latent spaces when using latent dynamics models. In
this setting, algorithms such as Dreamer [Haf+20] learn an RSSM that captures the dy-
namics of the environment and generate imagined rollouts entirely within this latent
space. These imagined trajectories are then used to train an actor—critic algorithm, al-
lowing both the policy and value function to be optimized without any interaction with
the real environment. Thanks to lower dimensionality, operating in a latent space en-
ables long-horizon rollouts with reduced compounding errors and improved sample ef-
ficiency, while abstracting away irrelevant observation-level details. Subsequent works
have explored a variety of backbone architectures for latent world models, including
gated recurrent units as in the Dreamer saga of algorithms [Haf+20; Haf+21a; Haf+25;
HYL25], transformers [Che+24; MAF23; BT25; Zha+23c], and more recently structured
state-space models [ DPA23; Sam+24]. These architectural choices offer improved ex-
pressiveness and the ability to model long-range temporal dependencies in complex en-
vironments.

In addition to decision-time planning and background planning, learned dynamics mod-
els have been used in RL in several other complementary ways. MVE (Model Value
Expansion) [Fei+18] and its variants, such as STEVE (STochastic Ensemble Value Ex-
pansion) [Buc+18], use short model-based rollouts to improve value estimates while
bootstrapping from model-free critics in actor-critic algorithms. In offline RL, algorithms
such as MOPO (Model-based Offline Policy Optimization) [ Yu+20a], MOReL (Model-
Based Offline Reinforcement Learning) [Kid+20], and COMBO (Conservative Offline
Model-Based Policy Optimization) [Yu+21a] leverage uncertainty estimates obtained
from ensembles of probabilistic dynamics models to penalize policy optimization in re-
gions where the model is unreliable. More broadly, model uncertainty has been used
not only for conservatism but also to guide exploration by encouraging actions that re-
duce epistemic uncertainty [Wan+24]. Regarding MBRL theory, many prior works es-
tablished performance bounds and sample complexity results for MBRL algorithms es-
pecially in the tabular setting [ AJO08; AOM17; ZB19]. In more general settings, prior
work has established a theoretical framework to optimize lower bounds on the true re-
turn resulting in the SLBO (Stochastic Lower Bound Optimization) algorithm [Luo+19].
Furthermore, MBRL methods have been successfully combined with a range of domains,
including safe RL [Hua+24; Pao+24] and control theory [Mon+24; Sun+24].

Summary. The main components of MBRL algorithms, namely dynamics model learn-
ing and planning with the learned model, have been presented. In Table 2.3, several
prominent MBRL algorithms are summarized along with their key properties, includ-
ing the type of dynamics model used, whether it is deterministic or probabilistic, single-
model or ensemble-based, the neural architecture employed, the planning method, and
the type of policy or critic. This table provides a comprehensive overview of the diverse
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Algorithm model type det vs prob single vs ens parametric architecture planning policy / critic

[K]§18'21 ] Px 2 @ X 7/ decision-time RS
[III)I];?]O] S prob single X (7] background Ty
[Ci]:::rsls] {Py,}irr prob ens MLP decision-time CEM
[HP:?T 1e L;ta] latent prob single RNN decision-time CEM
[l)o\;]i 17] BNN, r prob single MLP background Ty
E\:Ecz)f ] {fh‘u‘,l Ty ti det ens MLP decision-time MPPI
{13;1;{}322]2 latent prob single RNN decision-time MPPI
Alp'h a*ZerO P @ 17} X 7] decision-time MCTS
[Sil+18]
[1\5/[(‘;39;‘]3] latent det single RNN decision-time MCTS
[]I:Ifflcf)] {Pyry i prob ens MLP background SAC
IE/IIEJ_EF ]Pé::]) {15@1 biox det ens MLP background TRPO
[]13:(? :‘;f] latent prob single RNN background Actor-Critic
[Tg‘g'\lzl\é[ ] latent prob single Transformer background Actor-Critic
[Sa fqzi 24] latent prob single S4 background Actor-Critic

Table 2.3: Summary of MBRL algorithms. Each row corresponds to an algorithm, while
each column describes one of its key properties. Model type takes values among: P, r for
the true dynamics and reward, {P,,, t,, }; for probabilistic ensembles, etc. The following
columns show model properties such as det vs prob (deterministic or probabilistic),
single vs ens (single model or ensemble), and parametric (/) vs nonparametric (X).
The architecture column describes the neural architecture used for the dynamics model:
MLP, RNN, Transformer, etc. Planning indicates whether the algorithm uses decision-
time planning or background planning. Finally, the policy / critic column specifies the
type of policy or critic used by the algorithm.

design choices in MBRL and highlights the various approaches used to leverage learned
dynamics models for sample-efficient RL.

To conclude this section, we show the aforementioned sample efficiency advantage of
MBRL over model-free RL in the same environments used in Figure 2.2. In HalfChee-
tah, using MBPO which is practically augmenting the SAC algorithm with model gener-
ated data improves the sample efficiency of the latter. The Breakout Atari environment
exhibits a more pronounced presence of the sample efficiency that can be achieved by
means of model-based algorithms. Indeed, the MuZero algorithm achieves orders of
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Figure 2.5: Return of model-based (MB) and model-free (MF) RL algorithms.

magnitude better performance than its model-free counterpart PPO. A more compre-
hensive sample comlexity analysis can be found in [ Wan+19].

Connection with the thesis

This section provided a comprehensive review of MBRL, the concept at the core of
this thesis. Throughout the next chapters of the thesis, we put a particular emphasis
on forward, single, parametric, neural network-based, and probabilistic models. In
Chapter 3, we build upon the MBRL framework presented here to develop multi-step
dynamics models that better capture long-term dependencies, leveraging a combina-
tion of decision-time planning via MPC and background planning through MBPO.
In Chapter 4, the focus shifts to background planning, where SAC is provided with
model-generated data in the spirit of MBPO. Furthermore, we build on the branched
return bound (theorem 2.2.1) in Chapter 4, and provide a generalized version that
extends its applicability to multi-branch rollouts.
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2.2.3 Evaluation metrics

Although dynamics models in MBRL essentially solve a supervised learning problem,
their evaluation goes beyond standard metrics such as log-likelihood or MSE on a held-
out test set. Indeed, the ultimate goal of learning a dynamics model is to leverage it for
planning or policy optimization, which makes it part of a complex pipeline involving
multiple components. In this section, we review the main evaluation metrics used in the
MBRL literature. We start by discussing typical regression metrics for dynamics models,
called static metrics in the context of MBRL, with an emphasis on single-step vs multi-step
evaluation. We then discuss dynamic evaluation that assesses the performance of the
overall MBRL algorithm when using the learned dynamics model. Finally, we review
uncertainty estimation metrics, particularly calibration metrics, which are crucial when
using probabilistic dynamics models.

Static metrics. The most straightforward way to evaluate a learned dynamics model P,
is to measure its predictive accuracy on a held-out test set Dest = {(si, a;, sg)}fﬁeft In con-
tinuous state spaces (which is assumed for the rest of the manuscript), common metrics
include the average NLL or MSE between the predicted and true next states. The choice
of either metric depends primarily on the type of model (deterministic vs probabilistic).
However, it also depends on how the model is used, for example whether planning relies
on sampling from the model or on its mean prediction. For Gaussian likelihood-based
models with diagonal covariance®, there is a direct relationship between NLL and MSE,
as can be seen by deriving the log-likelihood function:

p ds 1 & . 1 & () — (s, a))?
—logPy(s'[s,a) = 5 log(2m) + 3 > logéyi(s,a) + 5 3 ( = 1#(7S(a> )
= 1,1 \¥

Y

where d; is the dimension of the state space, and iy, 67, are the predicted mean and
variance. From this expression, it is clear that minimizing the NLL encourages accurate
mean predictions through the last term that resembles a weighted MSE.

Figure 2.6 compares the aformentioned metrics for two Gaussian predictive distributions
(P, and P,) having the same mean (/i; = fi2), but different variances (6; > §,). As can
be seen in the figure, minimizing NLL also encourages appropriate uncertainty estimates
as overconfident predictions get penalized through the amplifying coefficient 1/67 ;.

When states span a high dimensional space (e.g., S := R% with d, >> 1), reporting per-
dimension metrics such as the average MSE or NLL per state dimension can in general
be more informative. Nevertheless, it is more practical to provide aggregated metrics,
especially in the context of benchmarks [TET12; Bro+16; Bel+13] involving multiple

*YHere we assume a diagonal covariance matrix: ¥, = 671 following common practices in MBRL.
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MSE = (1—5")2 = 0.64
NLL; = —logPi(s*) = 1.51
NLL, = —logP,(s*) = 4.65

s A fz

Figure 2.6: Comparing MSE and NLL for predictive distributions with different vari-
ances.

environments with different state space dimensions and different dimension semantics.
To this end, prior works [ KHT21] have proposed to report normalized metrics such as
the R-squared (R?) score which normalizes the MSE by the total variance of each state
dimension:

o gy SR
= IR

where j € {1,...,d,} indexes the state dimensions, and s’ is the empirical mean. The

R? score takes values in (—oo, 1], with a value of 1 indicating perfect predictions, and

a value of 0 indicating that the model performs no better than predicting the empirical

mean.

Single-step vs multi-step. When generating long rollouts using the learned dynamics
model, errors can compound over time, leading to significant deviations from the true
trajectories. This phenomenon is referred to as the compounding errors issue [ Lam+21b;
LPC22], and it is a well-known challenge in MBRL. The paradoxical nature of this issue
stems from the fact that the dynamics model is typically trained to minimize one-step
prediction errors, which is well-motivated given the Markovian property of the stud-
ied MDPs. Indeed, under the Markov assumption, the information required to predict
the next state is fully contained in the current state and action, making one-step predic-
tions sufficient for accurate modeling. However, when the learned model is rolled out
for multiple steps, a key difference occurs: the model’s inputs at each step are no longer
drawn from the true state distribution, but rather from the distribution induced by the
model itself. This distribution shift can lead to the accumulation of small errors over
time, resulting in significant deviations from the true trajectories. To better capture the

43



model’s performance in long-horizon rollouts, multi-step evaluation metrics are essen-
tial to avoid any surprises during planning time. Examples of multi-step metrics include
the average MSE or NLL over h-step rollouts, defined as

Nrest

Z ||Szh flp Mw( az’,h—2)aaz’,h—1)||2,

1=1

MSE(h

N test

where s}, is the state obtained after rolling out the learned model for ¢ steps starting
from s; and following the action sequence {a;,...,a; -1}

Calibration. When discussing the difference between MSE and NLL metrics for prob-
abilistic models, we highlighted the importance of appropriate uncertainty estimates as
captured by Figure 2.6. Indeed, in MBRL, uncertainty estimates are crucial for effective
planning and policy optimization, and have numerous applications such as offline RL
[ Yu+20a; Yu+21a] and enhanced exploration [ Wan+24]. Calibration is a way to quantify
the quality of uncertainty estimates provided by probabilistic models [ GBR]. In the con-
text of classification, calibration has a straightforward meaning: the model’s confidence
score should correspond to its actual error rate [KFF17; Nix+19; Min+21]. This means
that for predictions with confidence score p%, the predicted label should be correct p%
of the time for a model to be correctly calibrated. Calibration in classification models
is not achieved by default, in fact it has been shown that modern neural networks im-
prove accuracy to the detriment of calibration [ Guo+17a]. As a remedy, many post-hoc
recalibration methods have been proposed such as Histogram binning [ ZE01], isotonic
regression [ZE(02], and temperature scaling [P1a99; NC05; HVD15].

In the context of dynamics modeling, we are interested in assessing the calibration of
regression models. Defining calibration for regression is not a trivial task [Lev+20a;
UR20]. In fact, multiple definitions have been proposed in prior work (see distribu-
tion calibration [Son+19] for instance). In this work, we adopt the quantile regression
[KFE18a] definition which admits a similar interpretation as calibration for classifica-
tion models. Its formal definition goes as follows:

Definition 2.2.3 (Quantile calibration). Given X, := R, a dataset D = {(x;,y;) }1v,,
and a predictor f : X — Y that learns a CDF F; over y;, quantile calibration means that y;
(groundtruth) should fall in the p% quantile p% of the time:

SN Wy < F7p)}
N

—p forall pe0,1] as N — oo,

where F;' 1 [0,1] — Y denotes the quantile function F; ' (p) = inf{y : p < F;(y)}.

In the context of MBRL, calibration metrics and their impact on performance have been
studied in prior works [Mal+19]. One way to assess quantile calibration is computing
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the Kolmogorov-Smirnov (KS) statistic for each state dimension j € {1,...,d,}. Starting
from the model predicted CDF F},(s"[s, a), we define the empirical CDF of the quantiles
corresponding to groundtruth values:

{(s1.00.50) € DIF}(s7 5. ) < o}

W : for x € [0, 1].

.7:15,(1:) =

For each sample (s;, a;,s}) indexed by ¢ € {1,..., N}, we denote the predicted quantile
as ¢;; = FJ,(s7]s;,a;). We then define the KS statistic as the largest absolute difference
between the empirical and uniform quantiles across the dataset D:
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Figure 2.7: An example of calibrated vs uncalibrated predictive distributions (left). The
corresponding reliability diagram (right).

Figure 2.7 illustrates the calibration concept by showing a miscalibrated predictive dis-
tribution, both in terms of overconfidence and underconfidence (left panel). The right
panel then shows the reliability diagram, a visualization tool that illustrates the empiri-
cal CDF ]-"i against the ideal diagonal line corresponding to perfect calibration. The KS
statistic can be interpreted as the maximum deviation from the ideal diagonal line, with
lower values indicating better calibration.

Dynamic metrics. Ultimately, the goal of learning a dynamics model in MBRL is to
use it for planning. Therefore, it is crucial to evaluate the performance of the overall
MBRL algorithm when using a learned dynamics model. This so-called dynamic per-
formance is typically measured by the final return achieved by the learned policy in the
true environment after model-based training. At this level of evaluation, another para-
doxical phenomenon occurs: a dynamics model with lower prediction error does not
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necessarily lead to better returns. This phenomenon is called the objective mismatch issue
[Lam-+21a]. This issue arises from the fact that the dynamics model is typically trained
to minimize prediction errors on a dataset collected by some behavior policy, which may
not align with the objective of maximizing returns. Prior works have addressed this is-
sue, suggesting multiple value-aware [FBN17; Voe+22] or policy-aware [ AGF21] model
learning objectives. In the next section, we will explore common benchmarks used to
evaluate MBRL algorithms, along with open-source libraries that facilitate their imple-
mentation.

Connection with the thesis

Chapter 3 further discusses multi-step evaluation and is dedicated to the compound-
ing errors phenomenon. The same chapter also provides insights into the objective
mismatch issue, showing that static evaluation does not necessarily correlate with
dynamic performance. In Chapters 4 and 5, we leverage the uncertainty evaluation
tools introduced here to assess the calibration of probabilistic models.

2.3 Foundation Models

The field of machine learning is built on empirical risk minimization theory [ Bac24], where
amodelis trained on a labeled dataset to minimize a loss, with the goal of generalizing to
unseen test data from the same distribution. In contrast, FMs are trained on large collec-
tions of datasets (often via self-supervision®!) and then adapted to various downstream
tasks, including those different from the pretraining task. Therefore, the focus is shifted
from learning task-specific models to learing versatile representations that capture the
underlying structure of the data and that can be adapted to a wide range of tasks. Below
are some definitions of a foundation model from various sources:

Definition 2.3.1 (Foundation Model).

o [Vas+] “In generative Al, | Foundation models are| models trained on broad data using
self-supervised learning that can be adapted such as through fine-tuning for a variety
of downstream tasks.”

o [Mer25] “Foundation models are Al neural networks trained on massive unlabeled
datasets to handle a wide variety of jobs from translating text to analyzing medical
images.”

ZSelf-supervised learning [Gui+24] refers to a training paradigm where the model learns to predict
parts of the input data from other parts, without requiring explicit labels.
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o [aws25] “The term foundation model was coined by researchers to describe ML models
trained on a broad spectrum of generalized and unlabeled data and capable of perform-
ing a wide variety of general tasks.”

These definitions agree on the key characteristics of FMs: large-scale training on broad
datasets, self-supervised learning, and the ability to adapt to various downstream tasks.
Conceptually, FMs can be seen as applications of multi-task learning [ZY21; CZY24] and
transfer learning [PY10] at scale. Multi-task learning refers to the paradigm of training
a model to solve multiple tasks simultaneously by minimizing a joint loss function that
combines the losses of individual tasks. Meanwhile, Transfer learning includes all tech-
niques that leverage knowledge learned from one task to advantageously solve another
task. From the pretraining of FMs on large datasets using self-supervised learning, FMs
can be seen as a form of multi-task learning since completing parts of different inputs
can be interpreted as solving multiple tasks. On the other hand, adapting FMs to down-
stream tasks is a form of transfer learning, where the knowledge acquired during pre-
training is transferred to new tasks. Before addressing ways of adapting FMs to MBRL
data, we first review examples of FMs in both text and non-text domains.

2.3.1 Text data: LLMs

The most prominant example of FMs is within the field of NLP where LLMs have emerged
as powerful tools for understanding and generating human-like text. An LLM is typi-
cally defined as a neural network model, often based on the transformer architecture
[Vas+17], that is trained on a vast corpus of sequences, U = {U;,Us,..., U, ..., Un},
where each sequence U; = (uq,ua, ..., uj,...,uy,,) consists of tokens u; from a vocabu-
lary V. Decoder-only LLMs [Rad+19; DL24] typically encode an autoregressive distri-
bution, where the probability of each token is conditioned only on the previous tokens in
the sequence, expressed as py(U;) = [1}2; po(u;|uo;j—1). The parameters ¢ are learned by
maximizing the probability of the entire dataset, po(U) = [IY; po(U;). When trained on
a massive scale of data and compute, and plugged-in standalone software systems that
manage user interactions (from prompt to response), LLMs have constituted a techno-
logical revolution, as evidenced by the widespread adoption of ChatGPT and the like.

Tokenization. Every LLM has an associated tokenizer, whose goal is to break down
an input string into a sequence of tokens, each belonging to V. The most naive way
to break down text into tokens is character-level tokenization, where each character is
treated as a separate token. However, this approach can lead to long sequences and may
not capture the semantic meaning of words effectively. On the other hand, word-level
tokenization treats each word as a separate token, which can lead to an explosion in
vocabulary size. Modern LLMs use subword tokenization, which strikes a balance by
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breaking rare words into common components (e.g., "unbelievable” — ["un", "believ",
"able"]). Popular subword tokenization algorithms include Byte Pair Encoding (BPE)
[Gag94], WordPiece [ Dev+19a], and Unigram [KR18]. To ensure that all possible inputs
can be tokenized, modern tokenizers use Byte-level BPE [Rad+19] which treats text as
a sequence of UTF-8% bytes.

Connection with the thesis

Beyond specific text-generation tasks such as instruction following and question an-
swering, LLMs have shown remarkable generalization capabilities across a wide
range of other tasks. These tasks include settings where the input data is not tex-
tual, yet the model is still able to process it effectively. For instance, LLMs have been
successfully used for time series forecasting, where sequences of numerical values re-
place sequences of text tokens at the input [Gru+23b]. In Chapter 4, we will bridge
the gap between LLMs and MBRL, and explore ways to use them for dynamics mod-
eling, providing insights into multidimensional numerical input tokenization.

2.3.2 Non-text data: Time series

The FMs revolution extended beyond text data, reaching various other modalities such
as images [Rad+; Car+26; Pod+23], audio [Déf+24], video [Wie+25], and structured
data [Qu+; Gri+26; Ans+25]. Structured data refers to data that is organized in a pre-
defined manner, mainly rows and columns as in tabular data, and temporal sequences
as in time series data. In the context of MBRL, we are more interested in structured data,
since in continuous state and action spaces, the problem of dynamics modeling is akin to
a tabular regression problem with temporal dependencies. Therefore, we focus on time
series data as a non-text modality where FMs have shown promising abilities that can
be transferred to MBRL [Gru+23b; Ans+24; Ans+25].

Specifically, we consider a multivariate long-term time series forecasting task, repre-
sented by: a data matrix X € RX*P where L is the context window size and D is the
multivariate time series dimensionality, and a target matrix Y € R¥*?, where H is the
forecasting horizon. We denote by x,; € RE*! (respectively y, € R¥*!) the d-th compo-
nent of the input (respectively target) multivariate time series. We distinguish between
two forecasting paradigms: direct forecasting where a model fy : RE*P — R¥*P predicts
the entire target horizon Y in one shot, and autoregressive forecasting where the model
fo : REXP — R™P predicts one step at a time. Similarly, we distinguish between uni-
variate forecasting where each dimension d is forecasted independently, and multivariate

22Unicode Transformation Format (UTF) 8-bit is a character encoding standard used for electronic com-
munication.
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Figure 2.8: Multivariate time series.

forecasting where all dimensions are forecasted jointly. Figure 2.8 illustrates a multi-
variate time series with D = 3 dimensions, highlighting windows corresponding to the
context X and the target Y.

TSFMs. In the steps of the NLP field, TSFMs have emerged as a powerful tool for time
series forecasting [ Gos+24; Ans+25; Liu+24d; Ras+24; Das+24]. Analoguous to the di-
versity found in large text corpora akin to those present in internet scale data, time series
data can also be diverse, spanning various domains such as finance, healthcare, weather,
and energy. This diversity makes TSFMs particularly well-suited for learning generaliz-
able representations that can be adapted to specific forecasting tasks. Many time series-
specific FMs have been proposed in the literature, leveraging architectures such as trans-
formers (decoder-only [ Das+24], encoder-only [ Gos+24], encoder-decoder [ Liu+24d]),
recurrent neural networks [ Aue+25], and fully Multilayer Perceptron (MLP) [Eka+24].
In terms of tokenization, TSFMs often employ techniques such as patching [Feo+25] and
quantization [Jin+24a]. Patching involves segmenting the time series into smaller, fixed-
size patches that are treated as individual tokens. They are particularly useful to capture
local information present in the time series signal. Quantization, on the other hand, in-
volves mapping continuous time series values to discrete tokens, enabling the repurpos-
ing of LLM-like models for time series data [Jin+24a]. One particular challenge faced by
TSEMs is the handling of multivariate time series. Indeed, training the same neural net-
work on inputs of different dimensionality is not straightforward as it involves designing
architectures that adapt to inputs with varying size.
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Connection with the thesis

Akin to the datasets found in MBRL, the goal of this thesis is to model multivari-
ate data with varying number of dimensions. In Chapter 5, we will explore ways to
adapt TSFMs to effectively handle multivariate time series with varying dimension-
ality, drawing parallels with dynamics modeling in MBRL. In addition to the multi-
variate aspect, we will also investigate adapting deterministic TSFMs to probabilistic
forecasting, which is crucial for uncertainty estimation.

2.3.3 Adapting Foundation Models

There exist multiple way to use a pretrained FM for downstream tasks. We refer to this
process as adaptation, which encompasses a variety of techniques ranging from zero-shot
transfer to fine-tuning. In this section, we review the main adaptation methods used in
practice, highlighting their advantages and limitations.

Zero-shot transfer. The most immediate way to adapt a pretrained foundation model
is via zero-shot transfer, where the model is applied to a downstream task without any
parameter updates or task-specific training [ LEB08; Cha-+08a; Rad+19]. Formally, given
amodel fy pretrained on a source dataset D, we evaluate its performance on a target task
Diarget = {(Xi,¥:)}Y, (in the case of a supervised learning task). The model generates
a prediction y; = fy(prompt(x;)), where the prompt function maps the input data into a
format compatible with the pretraining objective. For LLMs, this typically corresponds
to prompt formatting, where the task is described in natural language (e.g., “Translate
the following sentence to French: [Input]”), and the model output is interpreted accord-
ingly [Bro+20]. In the time series setting, zero-shot transfer may consist in rescaling a
target time series to match the normalization used during pretraining, or reshaping a
multivariate input X € R**? into a sequence of patches compatible with the pretrained
tokenizer. As an example, a TSFM pretrained on logs monitoring data may be directly
applied to electricity consumption time series without observing any labeled data from
this domain during training [Coh+24]. The effectiveness of zero-shot transfer relies on
the alignment between the pretraining distribution and the downstream task, and serves
as a strong indicator of the generality of the learned representations [Pha+23].

In-context Learning (ICL). ICL is a specialized form of adaptation where the model’s
behavior is conditioned on a few demonstrations provided within the context window,
again without modifying the weights § [ Aky+23; Li+23; Xie+22]. Given a target input
Xtarget and a set of NV examples S = {(x1,y1), ..., (X, y~)}, the model predicts an output
conditioned on the target input and the demonstrations: Jirget = fo(prompt(S, Xearget) )-
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In LLMs, ICL manifests as few-shot prompting, where examples such as question-answer
pairs are embedded directly into the prompt [McC+18; Rad+19; Bro+20]. In time series
forecasting, ICL can be implemented by concatenating multiple realizations (x;, X2, ..., Xx)
along the temporal dimension, and asking the model to predict the next timestep [ LSY25].
For instance, in a MBRL setting, providing a sequence of previous state-action transitions
(st, &, s¢41) in the context allows the model to capture the environment’s dynamics and
predict future states more accurately. The capacity for ICL is often considered an emer-
gent property of scale [Bro+20], particularly in transformer-based architectures, where
the self-attention mechanism can dynamically attend to the provided examples.

Fine-tuning. Unlike the previous gradient-free methods, fine-tuning involves adapt-
ing the model’s parameters to a specific downstream dataset Dyarget = { (X, ¥:) }1v.; through
empirical risk minimization [Dev+19b]. Starting with the pretrained weights 0., we
optimize a task-specific loss £ to obtain 6, = arg ming E(x y)~p,0,,.. [L(fo(X), ¥)]. Depend-
ing on the amount of available data and computational constraints, fine-tuning can range
from full-model updates to parameter-efficient variants [ Hou+19] where only a subset
of parameters is trained (e.g., LoORA [Hu+21]). For example, a TSFEM pretrained on
generic hourly data can be fine-tuned on a small set of high-frequency physiological sen-
sor data to capture specific medical anomalies. This step bridges the gap between the
general-purpose representations learned during pretraining and the requirements of a
niche domain, ensuring the model’s outputs are aligned with the target distribution.
Fine-tuning generally offers the best downstream performance, at the cost of additional
training and reduced task generality compared to zero-shot and in-context approaches.

Connection with the thesis

In this thesis, we explore various adaptation methods for leveraging FMs in the con-
text of MBRL. In Chapter 4, we investigate zero-shot transfer of LLMs and ICL for
dynamics modeling, assessing their effectiveness in capturing environment dynam-
ics without task-specific training. In Chapter 5, we focus on a hybrid adaptation
approach that combines fine-tuning with ICL to enhance the performance of TSFMs
on multivariate time series forecasting. Finally, the reward modelling approach de-
velopped in Chapter 6 is applied in the context of fine-tuning LLMs for reasoning
tasks.
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ries from one-step models of the dynamics learned on data. A critical challenge of

IN model-based reinforcement learning, most algorithms rely on simulating trajecto-

this approach is the compounding of one-step prediction errors as the length of the
trajectory grows. In this chapter we tackle this issue by using a multi-step objective to
train one-step models. Our objective is a weighted sum of the MSE loss at various fu-
ture horizons. We find that this new loss is particularly useful when the data is noisy
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(additive Gaussian noise in the observations), which is often the case in real-life envi-
ronments. To support the multi-step loss, first we study its properties in two tractable
cases: i) uni-dimensional linear system, and ii) two-parameter non-linear system. Sec-
ond, we show in a variety of tasks (environments & datasets) that the models learned
with this loss achieve a significant improvement in terms of the averaged R2-score on fu-
ture prediction horizons. Finally, in the pure batch RL setting, we demonstrate that one-
step models serve as strong baselines when dynamics are deterministic, while multi-step
models would be more advantageous in the presence of noise, highlighting the potential
of our approach in real-world applications.

3.1 Introduction

In RL we learn a control agent (or policy) by interacting with a dynamic system (or en-
vironment), receiving feedback in the form of rewards. This approach has proven suc-
cessful in addressing some of the most challenging problems, as evidenced by [Sil+17;
Sil+18; Mni+15; Vin+19]. However, RL remains largely confined to simulated environ-
ments and does not extend to real-world engineering systems. This limitation is, in large
part, due to the scarcity of data resulting from operational constraints (physical systems
with fixed time steps or safety concerns). MBRL, can potentially narrow the gap between
RL and applications thanks to better sample efficiency.

St St41 St+2 St+h
P L,
. .th N, * A
St+i  ¢'" real system state Boan L,
. ‘A v
St+i 4t predicted state . : Ly
. P ‘A
p  predictive model . ;
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Figure 3.1: Schematic representation of the multi-step prediction framework using a one-
step predictive model P. The diagram illustrates the iterative prediction of future states
Si+i, the computation of per-horizon losses L; against real system states s;;;, and the
weighting of these losses «; to optimize the predictive model over a horizon of h steps.

MBRL algorithms alternate between two steps: i) model learning, a supervised learning
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problem to learn the dynamics of the environment, and ii) policy optimization, where
a policy and/or a value function is updated by sampling from the learned dynamics.
MBRL is recognized for its sample efficiency, as policy/value learning is conducted (ei-
ther wholly or partially) from imaginary model rollouts (also referred to as background
planning), which are more cost-effective and readily available than rollouts in the true
dynamics [Jan+19]. Moreover, a predictive model that performs well out-of-distribution
facilitates easy transfer to new tasks or areas not included in the model training dataset
[ Yu+20b].

While MBRL algorithms have achieved significant success, they are prone to compound-
ing errors when planning over extended horizons [LPC22]. This issue arises due to
the propagation of one-step errors, leading to highly inaccurate predictions at longer
horizons. This can be problematic in real-world applications, as it can result in out-of-
distribution states that may violate the physical constraints of the environment, and mis-
guide planning. The root of compounding errors is in the nature of the models used in
MBRL. Typically, these are one-step models that predict the next state based on the cur-
rent state and executed action. Long rollouts are then generated by iteratively applying
these models, leading to compounding errors.

To tackle this problem, our approach involves adjusting the training objective of these
models to focus on optimizing for long-horizon error (Figure 3.1). This strategy is es-
pecially beneficial in presence of additive noise in observations, a context that mirrors
real-world scenarios. Indeed, in situations where state perturbations occur due to un-
avoidable measurement errors or adversarial attacks [ Zha+21; Sun+23], aiming to min-
imize the long-horizon error is advantageous. It enhances the signal-to-noise ratio by
incorporating future information, thereby improving the practical effectiveness of the
models.

The key contributions are the following.

e We propose a novel training objective for one-step predictive models consisting in
a weighted sum of MSE losses at several future horizons.

e We use two tractable cases to demonstrate the advantages of our weighted multi-
step loss. In a linear system, this loss allows for the identification of minimizers
achieving a bias-variance trade-off. In the case of a two-parameter neural network,
we show how important the weights are to achieve strong performance across mul-
tiple future horizons.

e Finally, we analyze the optimal weight configurations of the multi-step loss and
show that models trained with this loss improve over the one-step baseline across
diverse environments, datasets, and levels of noise.
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3.2 Preliminaries (reminder)

The conventional framework used in RL is the finite-horizon MDP, defined by the tuple
M = (S, A,P,r, py,v). Inthis notation, S is the state space and A is the action space. The
transition dynamics, which could be stochastic, are represented by P : S x A ~~ S 1. The
reward function is denoted by r : S x A — R. The initial state distribution is given by
po, and the discount factor is represented by v € (0, 1]. The objective of RL is to identify
a policy 7 : § ~» A. This policy aims at maximizing the expected sum of discounted
rewards, denoted as n(m, M) := Eg p.ai~r, siso~p [Zfi 0 Yr(se, at)], where H represents
the horizon of the MDP.

Model-based RL (MBRL) algorithms learn a model of the dynamics of the environ-
ment P (and sometimes of the reward function f as well) in a supervised way from
data collected when interacting with the real system P. The loss function is typically
the NLL £(D; P) = —+ ©F  log P(si,,|si, a}) for stochastic models or MSE in the case of
deterministic ones. The learned model can subsequently be employed for policy search
under the MDP M = (S, A, P, 1, po, 7). This MDP shares the state and action spaces S, A,
and the reward function r, with the true MDP M, but uses the dynamics P learned from
the dataset D. The policy # = argmax_ (7, M) learned on M is not guaranteed to be

optimal under M due to distribution shift and model error.

In this work, we also consider state-perturbed MDPs that fall under the formalism of
partially-observed Markov decision process (POMDP). Indeed, a POMDP is defined
by the underlying MDP (S, A, P, 1, po, 7), in addition to a set of possible observations (2,
and an observation function f, : S x A ~» Q ( where o; ~ f,(-|]a;_1,s;)). In practice,
we consider systems with additive Gaussian noise in observations o, = s, + ¢ where
¢ ~ N(0,X), which is a special case of a POMDDP. This formalism is closely related to state-
noisy MDPs [Sun+23] and state-adversarial MDPs [ Zha+21] where an attacker engineers
the perturbation to intentionally decrease the performance of solvers.

The formal definition of the multi-step loss is given in Section 3.3. We then present the
related work in Section 3.4. We study the properties of the multi-step loss in Section 3.5.
This is done through two tractable cases: a uni-dimensional linear system in and a two-
parameter non-linear system. Finally, the experimental setup and the performance eval-
uation of the models is discussed in Section 3.6.

!In this context, to denotes both probabilistic and deterministic mappings.
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3.3 The multi-step loss

In MBRL, it is common to use a parametric model Py that predicts the state? one-step
ahead §;,1 — 159(8,5, a;). We train this model to optimize the one-step predictive error
E(st+1, lsg(St, at)), where £ is MSE or NLL in a supervised learning setting. To learn a
policy, we use these models for predicting h steps ahead by applying a procedure called
rollout.

Definition 3.3.1 (Rollout). We generate §,,; — f’g(étﬂ,l,atﬂ,l) recursively for j =
1,...,h, to collect a trajectory T = (so,ao, 81,4, ...,8;,a;,...), where (a;,...,ap1) =
auirn—1 = A, is either a fixed action sequence generated by planning or sampled from a
policy ayy; — m(syy;) for j =1,..., h, on the fly.

Formally, let

ét:St

St4j-1 = Po(Sr4j-2, a4 j-2)

P)(st,arsj-1) = Po (§t+jflaat+jfl> forj=1,...,h

Using Pg(st, as.1p—1) to estimate s, is problematic for two reasons:

e A distribution mismatch occurs between the inputs that the model was trained
on (s;11 — p(si,a)) and the inputs the model is being evaluated on (8,41 —
Po(s¢, a;)[Tall4; Tall7].

e The predictive error (and the modeled uncertainty in the case of stochastic models)
will propagate through the successive model calls, leading to compounding errors
[LPC22; Tal14; VHB15b].

To mitigate these issues, we study models that, given the full action sequence a;.;1—1,
learn to predict the state s, by recursively predicting the intermediate states s, ;, for
j =1,..., h. We address this problem through the use of a weighted multi-step loss that
accounts for the predictive error at different future horizons.

2In this section, we do not make the distinction between states s and observations o as the definition
of the multi-step loss is independent of the underlying MDP.
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Definition 3.3.2 (Weighted multi-step loss). Given horizon-dependent weights o« =
(v, ..., ap) with Z?Zl a; = 1, a one-step loss function L, an initial state s,, an action
sequence a, = a1, and the real (groundtruth) visited states s, = s;11.¢+5, we define the
weighted multi-step loss as

h
L (ST7P0 St, Ar ) Z% (St-l—]vPe Sty Ag:ptj— 1))

The dependency of £ on h is omitted in the rest of the chapter when h is clear from the
context. Furthermore, the loss £ used in the multi-step loss £, will be considered to be
the MSE.

Algorithm 14 shows the training procedure of multi-step models. We emphasize that
unlike popular methods in the existing literature (teacher forcing [WZ89], hallucinated
replay [Tall4] and data-as-demonstrator [ VHB15b]), which consists in augmenting the
training data with predicted states, our method consists in back-propagating the gradi-
ent of the loss through the successive compositions of the model Py figuring in £,, (closer
in concept to Back-Propagation Through Time BPTT).

Algorithm 14 Training a model using the multi-step loss

Input: model Py, trajectory 7 = (s¢4, a;,i)",, loss function £, horizon h, normalized
weights {a;};
Initialize the loss | = 0
S=s;
fori=0toh —1do
Sample from the model &;,;,1 — Py(s, ar.;)
Update the loss | += «; - L(814i+1, St+i+1)
S = S¢yit1
end for
Update 6 using a gradient step minimizing [

3.4 Related Work

The premises of multi-step dynamics modeling can be tracked back to early work about
temporal abstraction [SPS99; PSS98] and mixture of timescale models in tabular MDPs
[PS97; Sin92; SP85; Sut95]. These works study fixed-horizon models that learn an ab-
stract dynamics mapping from initial states to the states j steps ahead. A different ap-
proach consists in optimizing the multi-step prediction error of single-step models that
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are used recursively, which we study here. This approach has been studied for recur-
rent neural networks (RNNs) and is referred to as teacher forcing [Lam-+16; Ben+15a;
Hus15; Pin88; WZ89]. The idea consists in augmenting the training data with predicted
states. More recent works have built on this idea [AGNO05; Tal14; Tal17; VHB15b]. These
methods, albeit optimizing for future prediction errors, assume the independence of the
intermediate predictions on the model parameters, making them more of a data aug-
mentation technique than a proper optimization of multi-step errors.

The closest works to ours which also consider the intermediate predictions to be depen-
dent on the model parameters are [Lut+21], [Byr+21] and [Xu+18]. These works all
use an equally-weighted multi-step loss whereas we emphasize on the need of having a
weighted multi-step loss. [ Nag+18] only use an equally-weighted multi-step loss for val-
idation, which is also common in the time series literature [ TON95; FR98; McN02; BB12;
Ben+12;, CGG21]. [Lut+21] and [Xu+18] find that only small horizons (h = 2,3,5)
yield an improvement over the baseline, which we suggest is due to using equal weights
in the multi-step loss. [ Byr+21] successfully use h = 10 with equal weights in the context
of model-predictive control (MPC). However, they consider it as a fixed design choice
and might have tailored their approach accordingly. To the best of our knowledge we
are the first work highlighting the importance of the weighting mechanism in balanc-
ing the multi-step errors. Futhermore, we particularly stress the importance of having a
weighted multi-step loss for state-noisy MDPs and study the impact of the noise level.
We believe that such a setting is still under-studied even though previous model-free
methods have been proposed [Hes+23; Sun+23; Zha+21; Pat+17] and a more recent
work [YX24b] presents a model-based approach using diffusion models.

3.5 Understanding the multi-step loss: two case studies

3.5.1 Uni-dimensional linear system

The first case consists in studying the solutions of the multi-step loss for A = 2 in the
case of an uncontrolled linear (discrete) dynamical system with additive Gaussian noise,
and a linear model. With such a simple formulation, we benefit from the fact that the
optimization is tractable and closed-form solutions can be obtained for each a € [0, 1].
We start by defining the system and the model.

Definition 3.5.1. (Uni-dimensional linear system with additive Gaussian noise). For an
initial state s, € R and an unknown parameter 6., € (—1,1) (for stability) we define the
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transition function and observations as

St+1 = etrue + St
Ot41 = St41 + €441 with €11 7 N(O, 0'2) and o € R

Definition 3.5.2. (Linear model). For an initial state s, € R and a parameter € R
that we learn by minimizing the multi-step loss for h = 2, we define the linear model as
Siy1 = Pe(st) =05

In this setup, the multi-step loss for h = 2 boils down to a polynomial in the model’s
parameter 0:

La(0:, Py(s1)) = a5, — 011)” + (1 — ) (675, — 0442)?

where o, = (0141,0:42). The aim of our study is to analyze the statistical properties
of f(o) € argmingy L, (oT, P@(St)> for different values of o and different values of the
observational noise scale® o.

1.0
a
0.5 1 — 0.0
0.1
38 0.0 d . 0.2
0.3
—0.5 A

0.4
-1.0 0.6
0.7
2 0.8
0.9
11 — 1.0
- —— OBtrue
0 =Y

-1.5 -1.0 -05 0.0 05 1.0 15
]

Figure 3.2: The loss function and its derivative for different values of § and «, in absence
of noise (¢ = 0). In this figure, 6,,,. is fixed to a randomly selected value, 6;,,. = 0.78.
The roots of the derivative are highlighted with stars.

Figure 3.2 shows the loss function curve and its critical points for different values of a.
The minimizers (o) can be obtained by solving the polynomial equation dL,/df = 0.
When a € (0, 1), we compute the roots of the cubic polynomial equation using Cardano’s

3noise and noise scale are used interchangeably. In practice, o is computed as a percentage (e.g. 2%) of

the state space width.
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formulas. These latter include at least one real root (o« > 0.3 in Figure 3.2) and two
(potentially real) conjugate complex roots (a < 0.3 in Figure 3.2).

In the rest of the experiments, we fix a dataset of initial states S, and sample K times a
two-step transition, yielding a dataset D = (S;, O], 0});—1.. k. This dataset showcases
different realizations of the observational noise, which is sampled i.i.d. from a Gaussian
distribution A/(0, 02).

le-2
noise scale (o)
":: 6 — 0.00
g 0.20
? 4 0.40
5 0.60
& 27 0.80
= o N — 1.00

0.0 0.1 0.2 0.3 0.4 0.6 0.7 0.8 0.9 1.0
a

Figure 3.3: The distance between the true parameters and the optimal parameters for
different values of a and noise scales.

We then compare the distance between the minimizers of the loss function with different
values of a and the true parameter 6;,,.. When there is more than one root, we assume
access to the sign of 6,,,. so that we can choose the correct estimator é(a). Figure 3.3
shows that as the noise increases, the vanilla MSE loss estimator (a = 1) is not the best
estimator with respect to the distance to the true parameter 6,,,.. Interestingly, the best
solution is obtained for a € (0, 1).

0=1.00 le—z Bias=E[8]—6rye 1e-2 Varl6]

=
o)

=
o

Bias
Variance

o
n

|
-
o
o

0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
5 o o
6 —Orrue

a

‘— 0.0 05 — 1,0‘

Figure 3.4: The left panel shows the density distribution of 0—0,,.,. for a fixed o of 1.0. The
middle panel delineates the bias of the estimator, defined as E[é] — O4rue, across varying
levels of o, and weights « € {0,0.5,1} indicated by color. The right panel presents the
variance of the estimator, Var[0], as a function of o for the same set of o values. The
shaded regions represent the 95% bootstrap confidence intervals across ten 6,,,. values

and 100 Monte Carlo simulations.

To understand the observed results, we compute the closed-form solutions of the multi-
step loss in the case of « = 0 and a = 1:
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Proposition 3.5.1. (o = 1). Given a transition (s; # 0, 041) from the linear system and a
linear model with parameter 0, the minimizer of the o« = 1 multi-step loss can be computed
as:

€t+1

A Ot4+1
91 == — etrue + —
St S¢

Proposition 3.5.2. (a = 0). Given a transition (s; # 0, 0411, 0112) from the linear system,
a linear model with parameter 0, the sign of the true parameter (for instance 6y, > 0), and
assuming its existence (°52 > 0), the minimizer of the o = 0 multi-step MSE loss can be

computed as:
0, €
00 \/ 1+2 \/Qtrue + t+2

Remark 3.5.1. For ease of notation in proposition 3.5.1 and proposition 3.5.2, we compute the
solutions given only one transition (s;, 0,11, 014+2). In practice, one minimizes the empirical risk
based on a training dataset of size N: D = {(S;, 0i.t+1, Oi1+2) }iz1.n5, in which case the closed-
form solutions become:

N
€i,t+1
0 9 _'_ 21 1 ?
true ZZ s

N
n E i—q i t+28i,t
QO - \/etTue —N 2

Zi:l Sit

On the one hand, we observe that while 6, is an unbiased estimator of 0., (Eery N (0,02) [él] =
Otrue), its variance grows linearly with the noise scale: Var,,, . o02)[01] = :—22 On the

other hand, §, is a potentially biased estimator, but with a smaller variance if 6, > 1

4;” 25 ~ 0). In this case we can use a first-order Taylor expansion to approximate
true

Var[eg] = Var,,,~n(0,02) [0):

Var[ég] :Var[ 02... + etﬁ}

St
~ 02, Var[l + 1 o’
ar
frue 29true 49t7’ue
< Var[f,]

For intermediate models (o € (0,1)), and in general when the conditions of the last re-
sult do not necessarily hold, we use Monte Carlo simulations to compare the variance of
éaE{0,0‘ 5,1}~ Figure 3.4 shows the variance reduction brought by the multi-step loss when
a = 0.5. It is also noticeable that, up to the noise scales considered in this experiment,
a = 0 generates a large bias (which matches the theoretical insights), while no signifi-
cant bias is observed for the estimator with @ = 0.5. We conclude that in the case of a
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noisy linear system, the multi-step MSE loss minimizer with o = 0.5 is a statistical es-
timator that (empirically) has a smaller variance and a comparable bias to the one-step
loss minimizer. It is worth noticing that when the noise is non-zero the best solution
for the one-step MSE is obtained for o € (0,1) and not @« = 1 (which corresponds to
optimizing exactly the one-step MSE).

In this linear case, we had access to closed-form solutions. However, Figure 3.2 shows
that choosing the multi-step MSE loss as an optimization objective introduces additional
critical points where a gradient-based optimization algorithm might get stuck. We now
empirically study the optimization process in the case of a two-parameter neural net-
work.

3.5.2 Two-parameter non-linear system

As an attempt to get closer to a realistic MBRL setup where neural networks are used
for dynamics learning, we study a non-linear dynamical system using a two-parameters
neural network model:

Definition 3.5.3. (Two-parameter non-linear system with additive Gaussian noise). For
an initial state sp € R and unknown parameters 6" = (6ire 9irve) € R? we define the
transition function and observations as

Sip1 = 0 - sigmoid (05 - sy)

Ot41 = St+1 + €141 with €t+1 — N(O, 0'2) and o € R

Definition 3.5.4. (Two-parameters neural network model). A single-neuron two-layer (with-
out bias) neural network. We denote its parameters 6 = (01, 0,) € R*:

A

§t+1 = P(St) = 01 o Slgmmd(@g 0 St)

To get a broader idea about the optimization challenges in this setup, we show the loss
landscape for different values of o and noise scales o in Section B.4.2. Regarding the
gradient-based optimization, we compare the solution reached after training in terms of
the one-step and two-step validation MSE losses (the details of the experiment are given
in Section B.4.2).

Figure 3.5 shows that even in the presence of noise, compared to the linear case, the best
value of «a for the one-step MSE is o = 1. This can be explained by the use of lower levels
of noise in the simulations than the linear case. The intermediate models obtained for
a € {0.25,0.5,0.75} represent a trade-off between the one-step and two-step MSEs. The
average of the two MSEs, which we use in the experiment section to assess the overall
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Figure 3.5: The validation one-step MSE L, (in yellow), the validation two-step MSE L
(in green) and the average of these two MSEs (dashed black line) for different values of
a. The error bars represent the 95% bootstrap confidence intervals across 2 optimizers,
3 initialization distributions, 10 initial points, 3 noise levels, and 10 Monte Carlo simula-
tions.

quality of our models over a range of horizons, achieves its minimum for o = 0.75. Notice
that the validation losses are only used for evaluation, and do not match the training loss
which depends on a.

3.6 Experiments & results

In this section, we evaluate the performance of models trained with the multi-step loss
L,, for different values of the horizon h and different noise levels of the dynamics. We
tirst describe the multi-step loss hyperparameters: the horizon / and the weights «. For
the evaluation of the models we consider both a static and a dynamic setup. The static
evaluation denotes the evaluation of dynamics models in terms of predictive error in held-
out test datasets. For the dynamic evaluation we will consider the offline MBRL setting
[Lev+20b] where the goal is to learn a policy from a given dataset without interacting
further with the environment. The evaluation is done on three classical RL environ-
ments (Cartpole swing-up, Swimmer and Halfcheetah) and various datasets (eight in total)
collected with different behavior policies (random, medium, full_replay and mixed_replay)
on these environments. The details of these tasks are provided in Section B.1. For all
these tasks, we use the same neural network model for py. Implementation details for
the model are given in Section B.2.
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3.6.1 Hyperparameters of the multi-step loss

The multi-step loss depends on the following hyperparameters: the loss horizon h and
the corresponding weights {a;}7 ;.

The horizon h

The horizon of the loss is the maximal prediction horizon considered in the loss. Typi-
cally, in this chapter we consider i € {2, 3,4, 10} for the multi-step loss and ~ = 1 for the
single-step baseline.

The weights o

For a horizon h, the weights a live in the (h — 1)-dimensional probability simplex, which
means that the search space is (0,1)"'. As the MSE has been shown to grow expo-
nentially with the horizon when applying one-step models recursively (Theorem 1 of
[VHB15b]) we choose an exponentially parameterized profile for the weights. The ob-
jective is to give each MSE term the same importance when we optimize the MSE loss.
Given a weighted multi-step loss L, with horizon &, weights «;, and 5 > 0, the exponen-
tially parameterized weights are defined as:

o — (11_5&1) B forie{l,....h}.

~—_———
normalization constant

Applying this exponential parametrization of the weights, we further reduce the search
space dimension. In our experiments, we still consider values greater than 1 in the grid,
values corresponding to an increase of the weights over the horizon. This approach is
used to analyze whether certain settings would benefit from focusing on large horizons.

3.6.2 Static evaluation with the R2 metric

The commonly used metrics for the static evaluation are the standard mean squared
error (MSE) or the explained variance (R2) which we prefer over the MSE because it is
normalized and can be aggregated over multiple dimensions. In our attempt to reduce
compounding errors in MBRL, we are especially interested in the long-term predictive
error of models. For each horizon £, the error is computed by considering all the sub-
trajectories of size h from the test dataset. The predictions are computed by calling the
model recursively h times (using the ground truth actions of the sub-trajectories) and
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the average R2 score at horizon h, R2(h), averaged over the sub-trajectories is reported:

given a dataset D = {(s;¢, G ¢, Sijt41, - - -) Fi=1,..,n, @ predictive model Py, forh=1,... H:
; - 2
1 & % Yy (Sg,t—kh — Py (si, ai,t:t—f—h)j)
Ra(h) = d, b= 1 N j i \?
5 =1 N 2im1 (Sg,tJrh - Si+h)

We also report the average R2 score, R2(H), over all prediction horizons from 1 to H.
— 1 &
R2(H) = — > R2(h).
16

For the weights of the loss we perform a grid search over /3 values, selecting the value
giving the best R2(H) averaged over 3 cross-validation folds.
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Figure 3.6: The series of bar plots display the relative improvement with respect to the
h = 1 baseline, in the test R2(50) metric for various environments, and datasets. Perfor-
mance is evaluated over loss horizons i with the relative improvement measured on a
logarithmic scale. The relative noise scale, ranging from 0.0 to 0.05, is color-coded and
represents a ratio of the range of the state space, for each dataset. The error bars indi-
cate the 95% confidence intervals (mean 4 1.96 - standard error) obtained with the three
cross-validation folds.

Figure 3.6 shows the relative improvement in percentage over the one-step model of the
R2(50) metric for the different datasets (the absolute values of the metric and the full
R2(h) curves are shown in Section B.4.3). For most of the datasets (all the Cartpole and
Swimmer datasets, and Halfcheetah random and medium_replay) the benefit of using the
multi-step loss when there is noise is clear and for most of them (all the Cartpole datasets,
Swimmer random and Halfcheetah random) the larger the noise the higher the benefit. The
impact of the horizon h of the loss is less clear although for some datasets increasing the
horizon h as the noise increases also helps. This result is more mitigated on Halfcheetah

66



medium which we suggest is due to the optimization process converging to sub-optimal
solutions. We also note that even if the multi-step loss is using h = 10, because of the
weights, the multi-step loss could finally be close to the multi-step losses obtained with
h = 2, 3 or 4, which would mean that a smaller horizon is sufficient. This is an advantage
of our flexible multi-step loss that can adapt its horizon thanks to the selection of the best
weights

We now study the best weights obtained for each multi-step loss (h = 2, 3, 4, and 10) and
each noise scale. First, we observe from Table 3.1 that compared to what is usually done
in the literature, the best weights are not uniform. Second, we also notice an increase
of the parameter 3 with the noise scale. This finding supports the idea that multi-step
models are increasingly needed when incorporating information from the future is cru-
cial to achieve better performance. We also discuss the effective horizon obtained with
the weights in Section B.4.3.

Table 3.1: Best /3 values found with a grid search for each horizon and each noise scale.
The values are averaged over the eight datasets.

‘ horizon h

\2 3 4 10

g (0/0) ﬁ

0.81 045 041 046
056 076 051 047
086 0.72 0.78 0.54
0.67 121 0.81 0.50
074 1.01 0.74 0.55
133 0.83 0.97 051

Ul = W N = O

3.6.3 Dynamic evaluation: offline MBRL

We consider the offline setting where given a set of N trajectories D = {(s}, a, s}, ,...)}r,
the goal is to learn a policy maximizing the return in a single shot, without further in-
teracting with the environment.

We consider a Dyna-style agent that learns a parametric model of the policy based on
data generated from the learned dynamics model Py. Specifically, we train a Soft Actor-
Critic (SAC) [Haa+18b] with short rollouts on the model a la MBPO [Jan+19], a popular
MBRL algorithm. We then rely on model predictive control (MPC) at decision-time
where the action search is guided by the SAC policy. The details of this agent are given
in Section B.1.3.
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The experiments are run on the Cartpole mixed_replay dataset without noise (noise scale
of 1%). The reason is that the range of episode returns spanned by this dataset makes
us hope that it is possible to learn a model that is good enough to learn a successful
policy (for which episode returns are higher than 800). The distribution of the returns
on the random and full replay datasets makes it more challenging to learn a successful
policy. The goal here is not to study a new offline MBRL algorithm, avoiding unknown
regions of the state-action space, but studying the improvement that can be obtained
with the multi-step loss when varying the horizon h. Finally, in order to isolate the
effect of dynamics learning, we assume that the reward function is a known deterministic
function of the observations.

noise = 0.0 noise = 0.01 bel

800 I “R2
_ 600 - uniform
5 - R2
+ 400 - uniform
- l | h=10 - R2
200 iiii I I | h=10 - uniform
0 B h=10 - return

Figure 3.7: Returns of the agents trained on multi-step models in the Cartpole
mixed_replay task. The error bars indicate the 95% confidence intervals (mean =+ 1.96 -
standard error).

> > S ST
Il
A A NNRLOD

As it is acknowledged that static evaluation metrics may not always align with the final
return of agents (see for instance [Lam-+21a]) we also include the performance of the
models trained on the 10-step loss with weights tuned to maximize the return, using the
same grid search as for the R2.

Without noise. Figure 3.7 shows the return obtained by the different models on the
Cartpole mixed_replay task. Against a strong baseline (h = 1) with a near 700 return, it is
observed that the multi-step models exhibit marginally superior performance, especially
for h values of 2 and 4. However, this trend is not maintained for i = 10, indicating that
larger horizons may not be beneficial in this context. Additionally, the study compares
these outcomes with those obtained using uniform weights, a common approach in most
related research. As depicted in Figure 3.7, the returns for uniform weight variants at
h values of 2 and 4 are comparable to those of the models selected based on the R2(50)
metric. While uniform weights help the 1 = 10 model reach a better return, it remains
sub-optimal with respect to the baseline. These findings confirm a common result in
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the literature [Lut+21; Xu+18], stating that the multi-step loss is only useful for small
values of h.

With noise. In the presence of noise, we observe that the performance of all models,
including the baseline, significantly decreases. Notably, the optimal multi-step models
do not demonstrate any improvement in this setting, a finding that also holds true for
the variant with uniform weights. We found that 5 = 0.3 maximizes the return for the
10-step loss and leads to a marginal improvement over the baseline model. This finding
challenges the common practice of using uniform weights in related research, suggesting
that a more tailored approach is necessary for each specific task. We believe that a better
hyperparameter search for the multi-step loss weights could lead to better performance
of the corresponding multi-step models.

3.7 Conclusion

In this chapter, we introduce a weighted multi-step loss that leads to models exhibit-
ing significant improvements in the average R2 score over future horizons in various
datasets derived from popular RL environments with noisy dynamics. These outcomes
align with our analysis of two tractable scenarios: models optimized for the multi-step
loss outperform those focused on minimizing the one-step loss in the presence of noise.
The insights from dynamic evaluation present a more complex picture. Specifically, we
found that in absence of noise, the multi-step loss slightly improved the return of an al-
ready strong one-step baseline. However, a noticeable improvement in the noisy scenario
would require an extensive search for optimal hyperparameters, including the weights
and, implicitly, the prediction horizon.
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to their applications in areas extending well beyond natural language processing

THE emerging zero-shot capabilities of Large Language Models (LLMs) have led

tasks. In RL, while LLMs have been extensively used in text-based environments,
their integration with continuous input spaces remains understudied. In this chapter, we
investigate how pre-trained LLMs can be leveraged to predict in-context the dynamics
of continuous MDPs. We identify handling multivariate data and incorporating the con-
trol signal as key challenges that limit the potential of LLMs deployment in this setup
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and propose Disentangled In-Context Learning (DICL) to address them. We present
proof-of-concept applications in two RL settings: model-based policy evaluation and
data-augmented off-policy RL, supported by theoretical analysis of the proposed meth-
ods. Our experiments further demonstrate that our approach produces well-calibrated
uncertainty estimates.

Trajectory T

(50,0571, 815+« +, P71, 87-1)

RTx(d_d»daJrl)

for each component:

concat

7 @ '—> Prediction

@:e.g. PCA
c: # components
h: prediction horizon

(@rsn-1, f'lnh, S74h)
Rlx(ds+da+1)
|

autoregressive

Figure 4.1: The DICL Framework. DICL projects trajectories into a disentangled feature
space before performing zero-shot forecasting using a pre-trained LLM and in-context
learning.

4.1 Introduction

The rise of large language models (LLMs) has significantly impacted the field of NLP.
LLMs [Bro+20; HL23; D1.24], which are based on the transformer architecture [ Vas+17],
have redefined tasks such as machine translation [ Bro+20], sentiment analysis [ Zha+23d ],
and question answering [ RRS20; PS24] by enabling machines to understand and gen-
erate human-like text with remarkable fluency. One of the most intriguing aspects of
LLMs is their emerging capabilities, particularly in-context learning (ICL) [Osw+23].
Through ICL, an LLM can learn to perform a new task simply by being provided exam-
ples of the task within its input context, without any gradient-based optimization. This
phenomenon has been observed not only in text generation but also in tasks such as im-
age classification [AAG24; Zhe+24] and even solving logic puzzles [Gia+24], which is
unexpected in the context of the standard statistical learning theory. To our knowledge,
ICL capabilities of pre-trained LLMs have been only scarcely explored in RL [Wan+23]
despite the demonstrated success of the former in understanding the behavior of deter-
ministic and chaotic dynamical systems [Liu+24b].

In this chapter, we show how ICL with pre-trained LLMs can improve the sample effi-
ciency of RL, with two proof-of-concepts in policy evaluation and data-augmented off-
policy RL. Following the dynamical system perspective on ICL introduced in [Li+23]
and experimentally studied in [Liu+24b], we use the observed trajectories of a given
agent to predict its future state and reward in commonly used RL environments. To
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achieve this, we solve two crucial challenges related to considering continuous state-
space MDPs: 1) incorporating the action information into the LLM’s context and 2) han-
dling the interdependence between the state-actions dimensions, as prior approaches
were known to treat multivariate data’s covariates independently. Our framework, DICL
(Disentangled In-Context Learning), is summarized in Figure 4.1. The core idea of DICL
is to apply a feature space transformation, denoted as ¢, which captures the interdepen-
dencies between state and action features in order to disentangle each dimension. Sub-
sequently, a LLM is employed to forecast each component independently in a zero-shot
manner through in-context learning. Finally, the predictions are transformed back to the
original trajectory space using the inverse transformation ¢!

Our approach leads to several novel insights and contributions, which we summarize as
follows:

1. Methodological. We develop a novel approach to integrate state dimension inter-
dependence and action information into in-context trajectories. This approach,
termed Disentangled In-Context Learning (DICL), leads to a new methodology
for applying ICL in RL environments with continuous state spaces. We validate
our proposed approach on tasks involving proprioceptive control.

2. Theoretical. We theoretically analyze the policy evaluation algorithm resulting from
multi-branch rollouts with the LLM-based dynamics model, leading to a novel re-
turn bound.

3. Experimental. We show how the LLM’s MDP modeling ability can benefit two RL
applications: policy evaluation and data-augmented offline RL. Furthermore, we

show that the LLM is a calibrated uncertainty estimator, a desirable property for
MBRL algorithms.

Organization of the chapter. The chapter is structured as follows: Section 4.2 intro-
duces the main concepts from the literature used in our work (while a more detailed
related work is deferred to Section C.2). We then start our analysis in Section 4.3.1,
by analyzing LLM’s attention matrices. DICL is presented in Section 4.3.3, while Sec-
tion 4.4 contains different applications of the proposed method in RL, along with the
corresponding theoretical analysis. Finally, Section 4.5 provides a short discussion and
future research directions triggered by our approach.

4.2 Background knowledge (reminder)

Reinforcement Learning (RL). The standard framework of RL is the infinite-horizon
Markov decision process (MDP) M = (S, A, P,r, 11,7) where S represents the state
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space, A the action space, P : S x A — S the (possibly stochastic) transition dy-
namics, r : § X A — R the reward function, y the initial state distribution, and v €
[0,1] the discount factor. The goal of RL is to find, for each state s € S, a distribu-
tion 7(s) over the action space A, called the policy, that maximizes the expected sum
of discounted rewards (7] := Eg ug.a;r, sis0Pt [>oieo V' I(St, ar)]. Under a policy 7, we
define the state value function ats € S as the expected sum of discounted rewards, start-
ing from the state s, and following the policy 7 afterwards until termination: V7 (s) =

EatNmSDONPt [Zl?io WtT(Stv at) | So = S]'

Model-based RL (MBRL). MBRL algorithms address the supervised learning prob-
lem of estimating the dynamics of the environment P (and sometimes also the reward
function ) from data collected when interacting with the real system. The model’s loss
function is typically the log-likelihood £(D;P) = L SN log P(si,,|s!, a}) or MSE for de-
terministic models. The learned model can subsequently be used for policy search under
the MDP M = (S, A, P, uo, 7). This MDP shares the state and action spaces S, A, re-
ward function r, with the true environment M, but learns the transition probability P
from the dataset D.

Large Language Models (LLMs). Within the field of NLP, Large Language Models
(LLMs) have emerged as a powerful tool for understanding and generating human-
like text. An LLM is typically defined as a neural network model, often based on the
transformer architecture [Vas+17], that is trained on a vast corpus of sequences, U =
{U1,U0,,...,U,, ..., Un}, where each sequence U; = (uy,ug, ..., uj, ..., uy,,) consists of to-
kens u; from a vocabulary V. Decoder-only LLMs [Rad+19; DL24] typically encode
an autoregressive distribution, where the probability of each token is conditioned only
on the previous tokens in the sequence, expressed as pg(U;) = IT;L; po(u;|uo,—1). The
parameters ¢ are learned by maximizing the probability of the entire dataset, py(U) =
[1X, pe(U;). Every LLM has an associated tokenizer, which breaks an input string into a
sequence of tokens, each belonging to V.

Algorithm 15 ICL, [Liu+24c; Gru+23b]

Input: Time series (z;);<;, LLM py, sub-vocabulary V,um, precision &

1. Tokenize time series &, = “zia? ... 2k ...7

2. logits < py(2;) > Forward pass
3. {P(Xis1|i, ..., ®o) }i<t + softmax(logits(Voum)) > using Masked Causal Attention

Return: {P(X;1|z;,...,%0) bi<t

In-Context Learning (ICL). In order to use trajectories as inputs in ICL, we use the to-
kenization of time series proposed in [Gru+23b] and [Jin+24a]. This approach uses
a subset of the LLM vocabulary V,,m representing digits to tokenize the time series
(Algorithm 15). Specifically, given a univarite time series, we rescale it into a specific
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range [ Liu+24c; ZBR; Req+24], encode it with k digits precision, and concatenate each
value to build the LLM prompt:

[0.2513,5.2387,9.7889] — [1.5,5.16, 8.5] — “150, 516, 850"

time series rescaled prompt

After the LLM’s forward pass, the logits corresponding to tokens in V,ym can be used to
fit a Softmax categorical distribution over the next value as demonstrated in [Liu+24b],
thereby enabling uncertainty estimation.

4.3 Zero-shot dynamics learning using LLMs

4.3.1 Motivation

Before considering the multivariate trajectories of agents collected in RL environments,
we first want to verify whether a pre-trained LLM model is sensitive to the primitive
univariate signals akin to those encountered in them. For this, we investigate the atten-
tion mechanism of the LLaMA 3-8B model [ DL.24] when we feed it with different signals,
including the periodic fthigh dimension from the HalfCheetah system [Bro+16]. By av-
eraging the attention matrices over the 32 heads for each of the 32 layers of the multi-
head attention in Llama3, we observed distinct patterns that provide insight into the
model’s focus and behavior (Figure 4.2 shows selected attention layers for each signal).
The attention matrices exhibit a diagonal pattern, indicative of strong self-correlation
among timestamps, and a subtriangular structure due to the causal masked attention in
decoder-only transformers.

-1.0

-0.8
: b s by
" —~— -0.2
AN AYE

AAAVARSY:

Figure 4.2: LLMs can perceive time patterns. The LLM (LLaMA 3-8B) is fed with 3 time
series presenting distinct patterns. (a) Rectangular pulse. (b) Rectangular signal with
constant sub-parts. (c) The fthigh dimension of HalfCheetah under an expert policy.
Tokens belonging to constant slots (or peaks) attend to all the similar ones that precede
them, focusing particularly on their respective first occurrence.
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Further examination of the attention matrices reveals a more intricate finding. Tokens
within repeating patterns (e.g., signal peaks, constant parts) not only attend to past to-
kens within the same cycle but also to those from previous occurrences of the same pat-
tern, demonstrating a form of in-context learning. The ability to detect and exploit re-
peating patterns within such signals is especially valuable in RL, where state transitions
and action outcomes often exhibit cyclical or recurring dynamics, particularly in contin-
uous control tasks. However, applying this insight to RL presents two critical challenges
related to 1) the integration of actions into the forecasting process, and 2) handling of
the multivariate nature of RL problems. We now address these challenges by building
on the insights from the analysis presented above.

4.3.2 Problem setup

Given an initial trajectory 7 = (sg,a0,11,81,a1,r2,S9,...,I7_1,57_1) of length 7', with
s; € S, a;, = m(s;) € A', where the policy 7 is fixed for the whole trajectory, and r; € R,
we want to predict future transitions: given (sy_1, ar_;) predict the next state and reward
(sr,r7) and subsequent transitions autoregressively. For simplicity we first omit the ac-
tions and the reward, focusing instead on the multivariate sequence 7™ = (so, sy, ..., sr)
where we assume that the state dimensions are independent. Later, we show how to
relax the assumptions of omitting actions and rewards, as well as state independence,
which is crucial for applications in RL. The joint probability density function of 7™ can
be written as:

P(77) = po(s0) [T/~ P™(s¢[si-1)

where P7(s|si—1) = [,cam(als;—1)P(s¢|si—1,a) da .

(4.1)

Using the decoder-only nature of the in-context learner defined in Section 4.2, we can
apply Algorithm 15 to each dimension of the state vector to infer the transition rule of
each visited state in 7™ conditioned on its relative history: forall j € {1,...,d,},

(P57 (slsl_1,.., 51, ) her = ICLy(r™) (4.2)

where 6 are the fixed parameters of the LLM used as an in-context learner, and 7" its con-
text length. Assuming complete observability of the MDP state, the Markovian prop-
erty unveils an equivalence between the learned transition rules and the corresponding
Markovian ones: f’g(st|st,1, ...,81,80) = f’g(st|st,1).

This approach, that we name vICL (for vanilla ICL), thus applies Algorithm 15 on each
dimension of the state individually, assuming their independence. Furthermore, the

!In practice, states and actions are real valued vectors spanning a space of dimensions respectively d
and d,: S = R%, A = R4
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Figure 4.3: The covariance matrix from an expert dataset in the Halfcheetah environment
indicates linear correlations between state-action features.

action information is integrated-out (as depicted in Equation (4.1)), which in theory,
limits the application scope of this method to quantities that only depend on a policy
through the expectation over actions (e.g., the value function V" (s)). We address these
limitations in the next section.

On the zero-shot nature of DICL. Our use of the term "zero-shot" aligns with the litera-
ture on LLMs and time series [ Gru+23a ], indicating that we do not perform any gradient
updates or fine-tuning of the pretrained LLM’s weights. Specifically, we adopt the dy-
namical systems formulation of ICL as studied in [Li+23], where the query consists of
the trajectory s}, s :

"$0,S1,- - -, 511" and the label is the subsequent value s;.

4.3.3 State and action dimension interdependence

In this section we address the two limitations of vICL discussed in Section 4.3.2 by intro-
ducing Disentangled In-Context Learning (DICL), a method that relaxes the assumption
of state feature independence and reintroduces the action by employing strategies that
aim to map the state-action vector to a latent space where the features are independent.
We can then apply vICL, which operates under the assumption of feature independence,
to the latent representation. An added benefit of using such a latent space is that it can
potentially reduce the dimensionality, leading to a speed-up of the overall approach.
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While sophisticated approaches? like disentangled autoencoders could be considered
for DICL, in this work we employ Principal Component Analysis (PCA). In fact, the
absence of pre-trained models for this type of representation learning requires train-
ing from scratch on a potentially large dataset. This goes against our goal of leveraging
the pre-trained knowledge of LLMs and ICL. Instead, we find that PCA, which gener-
ates new linearly uncorrelated features and can reduce dimensionality, strikes a good
balance between simplicity, tractability, and performance (Figure 4.3 and Figure 4.4).
Nonetheless, DICL is agnostic to this aspect and any transformation ¢ that can disen-
tangle features can be used in place of PCA.

In the rest of the chapter we present two variants of DICL:

e DICL-(s, a), which applies the rotation matrix of PCA to the feature space of states
and actions and then runs Algorithm 15 in the projection space of principal com-
ponents;

. , which applies the same transformation solely to the trajectory of states.
This is useful in settings in which integrating the actions is not necessary, as when
we only want to estimate the value function V7 (s).

4.3.4 An illustrative example

HalfCheetah multi-step
igh bfoot i
fthigh bshin

fshin
bthigh

bthigh
bshin pfoot

(]
£ 400
-~
200 I
0

(a) Multi-step error. (b) Predicted trajectories. (c) Time.

fthigh

-------- groundtruth — VICL DICL-(s) —— DICL-(s, a) —— MLP

Figure 4.4: PCA-based DICL achieves smaller multi-step error in less computational
time. We compare and DICL-(s, a) using a number of components equal to half
the number of features, with the vanilla approach vICL and an MLP baseline. (Llama
3-8B).

In this section, we aim to challenge our approach against the HalfCheetah system from
the MuJoCo Gym environment suite [Bro+16; TET12]. All our experiments are con-

2A more detailed discussion of alternative approaches to PCA is provided in Section C.3 and Chapter 5.
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ducted using the Llama 3 series of models [DL24]. Figure 4.4 panel (a) shows the av-
erage MSE over a prediction horizon of » € {1,...,20} steps for each state dimension.
Figure 4.4 panel (b) shows predicted trajectories for selected state dimensions of the
HalfCheetah system (the details of the experiment, the metrics and the remaining state
dimensions are deferred to Section C.6).

We first observe that the LLM-based dynamics forecasters exhibit a burn-in phase (~ 70
steps in Figure 4.4 panel (b)) that is necessary for the LLM to gather enough context. For
multi-step prediction, Figure 4.4 panel (a), showing the average MSE over prediction
horizons and trajectories, demonstrates that both versions of DICL improve over the
vanilla approach and the MLP baseline trained on the context data, in almost all state
dimensions. Indeed, we hypothesize that this improvement is especially brought by
the projection in a linearly uncorrelated space that PCA enables. Furthermore, we also
leveraged the dimensionality reduction feature by selecting a number of components
c equal to half the number of the original features d, + d, (or d; in ). This
results in a significant decrease in the computational time of the method without loss of
performance, as showcased by Figure 4.4 panel (c).

LLMs comparison. In Table 4.1 we compare the performance obtained by the baselines
and DICL when using different LLMs. Similarly to Figure 4.4 panel (a), the scores are
calculated as the average over a given prediction horizon % across all dimensions (refer
to Section C.6 for details on the MSE, and Section C.7 for details on the KS statistic).
Note that similarly to Figure 4.4, we use PCA-based dimensionality reduction for both
DICL-(s,a) and in this experiment, reducing the original number of features by
half. Overall, we can see that DICL, especially the DICL-(s,a) version, demonstrates
improved calibration compared to both vICL and the MLP baselines, thanks to the dis-
entangling effect of PCA. Moreover, with the 3.1-70B model achieves the lowest
Mean Squared Error (MSE) of 3.59. Nonetheless, DICL-(s, a) exhibits the highest MSE
across all models. This is likely due to the additional error introduced by predicting ac-
tion information, thereby modeling both the dynamics and the data-generating policy.
This aspect differs from the MLP baseline, which is provided with real actions at test time
(acting as an oracle), and from and vICL, which operate solely on states. We
show the detailed results of this ablation study in Section C.8. Notice that we exclusively
used LLMs based on the LLaMA series of models [DL24]. This was a strategic choice
due to the LLaMA tokenizer, which facilitates our framework by assigning a separate
token to each number between 0 and 999. For other LLMs, algorithms have been sug-
gested in the literature to extract transition rules from their output logits. For example,
the Hierarchical Softmax algorithm [Liu+24c] could be employed for this purpose.
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Metrics

MSE/1072| KS/1072|

LLaMA

vICL

3.2-1B 384 + 31 52 £7
3.2-3B 399 + 40 54 £8
3.1-8B 380 + 32 53 £7

3-8B 375430 5347
31-70B 392435 5547
DICL-(s)

3.2-1B 389 + 38 50£7
3.2-3B 404 + 41 51+£7
3.1-8B 372 + 44 50£7

3-8B 370 + 36 50+7
3.1-70B 359 + 33 54 +7
DICL-(s,a)

3.2-1B 449 + 37 46 £5
3.2-3B 450 + 47 48+ 6
3.1-8B 412 + 39 45+ 6

3-8B 418 £+ 46 46 + 5
3.1-70B 428 + 47 47 +5
baseline

MLP 406 £ 59 55+ 3

Table 4.1: Comparison of different LLMs. Results are average over 5 episodes from each
one of 7 D4RL [Fu+21a] tasks. | means lower the better. The best average score is shown
in bold. We show the average score + the 95% Gaussian confidence interval.
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4.4 Use-cases in Reinforcement Learning

As explored in the preceding sections, LLMs can be used as accurate dynamics learners
for proprioceptive control through in-context learning. We now state our main contri-
butions in terms of the integration of DICL into MBRL. First, we generalize the return
bound of MBPO [Jan+19] to the more general case of multiple branches and use it to
analyze our method. Next, we leverage the LLM to augment the replay buffer of an
off-policy RL algorithm, leading to a more sample-efficient algorithm. In a second ap-
plication, we apply our method to predict the reward signal, resulting in a hybrid model-
based policy evaluation technique. Finally, we show that the LLM provides calibrated
uncertainty estimates and conclude with a discussion of our results.

4.4.1 Theoretical analysis: Return bound under multi-branch rollouts

When using a dynamics model in MBRL, one ideally seeks monotonic improvement
guarantees, ensuring that the optimal policy under the model is also optimal under the
true dynamics, up to some bound. Such guarantees generally depend on system parame-
ters (e.g., the discount factor ), the prediction horizon k, and the model generalization
erTor £n. As established in [Jan+19] and [Fra+24], the framework for deriving these
theoretical guarantees is the one of branched model-based rollouts.

A branched rollout return 7°™""[7] of a policy 7 is defined in [Jan+19] as the return of
a rollout which begins under the true dynamics P and at some point in time switches to
rolling out under learned dynamics P for k steps.

n|]
O
O0—0
O—0—0

ngfg’T (7] = E[branches]

Figure 4.5: Multi-branch return. The rollout following the true dynamics P is shown
in blue. The branched rollouts following LLM-based dynamics Py are in purple.
Branched rollouts can overlap, with the expectation over the overlapping branches as
the return.
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For our LLM-based dynamics learner, we are interested in studying a more general
branching scheme that will be later used to analyze the results of our data-augmented
off-policy algorithm. We begin by defining the multi-branch rollout return.

Definition 4.4.1 (Multi-branch rollout return). The multi-branch rollout return n)} ;]
of a policy 7 is defined as the expected return over rollouts with the following dynamics:

1. fort < T, where T is the minimal context length, the rollout follows the true dynamics
p.

2. for t > T, with probability p, the rollout switches to the LLM-based dynamics f’zzm for
k steps, otherwise the rollout continues with the true dynamics P.

See Section C.1 for a more formal definition.

These different rollout realizations, referred to as branches, can overlap, meaning that
multiple LLM-based dynamics can run in parallel if multiple branchings from the true
dynamics occur within the k-step window (see Figure 4.5). With this definition, we now
state our main theoretical result, consisting of a return bound between the true return
and the multi-branch rollout return.

Theorem 4.4.1 (Multi-branch return bound). Let T be the minimal length of the in-
context trajectories, p € |0, 1] the probability that a given state is a branching point. We
assume that the expected total variation between the LLM-based model and the true dynamics
under a policy 7 is bounded at each timestep by

max o pt avr (dry (P(s,a)|[Pun(.Is,2))| < eum(T).

Then under a multi-branched rollout scheme with a branch length of k, the return is bounded
as follows:
T

() = ()| < 20— rmak® pem(T) (43)

where ryax = MaXses e (S, @).

theorem 4.4.1 generalizes the single-branch return presented in [Jan+19], incorporating
an additional factor of the prediction horizon k due to the presence of multiple branches,
and directly accounting for the impact of the amount of LLM training data through the
branching factor p. Additionally, the bound is inversely proportional to the minimal
context length T', both through the power in the discount factor 47 and the error term
eum (7). Indeed, the term e, (7") corresponds to the generalization error of in-context
learning. Several works in the literature studied it and showed that it typically decreases
in O(T~Y/2) with T the length of the context trajectories [ Zek+24; Zha+23e; Li+23].
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4.4.2 Data-augmented off-policy Reinforcement Learning

In this section, we show how DICL can be used for data augmentation in off-policy
model-free RL algorithms such as Soft Actor-Critic (SAC) [Haa+18b]. Theidea is to aug-
ment the replay buffer of the off-policy algorithm with transitions generated by DICL,
using trajectories already collected by previous policies. The goal is to improve sample-
efficiency and accelerate the learning curve, particularly in the early stages of learning
as the LLM can generate accurate transitions from a small trajectory. We name this ap-
plication of our approach DICL-SAC.

As defined in [CH23], data-augmented off-policy RL involves perturbing previously ob-
served transitions to generate new transitions, without further interaction with the en-
vironment. The generated transitions should ideally be diverse and feasible under the
MDP dynamics to enhance sample efficiency while ensuring that the optimal policy re-
mains learnable.

Algorithm 16 DICL-SAC

1: Inputs: LLM-based dynamics learner (e.g. ), batch size b, LLM data pro-
portion «, minimal context length 7', and maximal context length 7},

2: Initialize policy 7y, critic )y, replay buffer R, and LLM replay buffer Rj;.,, and con-
text size T,,ax

3: fort =1,..., N_interactions do

4: New transition (s;, a;, 14, 8;+1) from 7y
5: Add (s, a;,14,841) tOR
6: Store auxiliary action a; ~ my(.|s;)
7: if Generate LLM data then
8: Sample trajectory 7 = (so, .. ., Sz,..) from R
9: {Sit1}o<i<Tna ~ (T)
10: Add {(SZ—, a;, r;, éi-i-l)}TSiSTma,x to Riim
11: end if
12: if update SAC then
13: Sample batch B of size b from R
14: Sample batch B, of size a -b from R
15: Update ¢ and ¢ on B U By,
16: end if
17: end for

Algorithm 16 (DICL-SAC) integrates multiple components to demonstrate a novel proof-
of-concept for improving the sample efficiency of SAC using DICL for data augmenta-
tion. Let 7 = (S0, @0, 10, - - - STiars AThae s ITinax ) D€ @ real trajectory collected with a fixed
policy 74, sampled from the real transitions being stored in a replay buffer R. We gener-
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Figure 4.6: Data-augmented off-policy RL. In the early stages of training DICL-SAC
improves the sample efficiency of SAC on three Gym control environments. Due to the
intensive use of the LLM within DICL-SAC, we conducted this experiment using the
Llama 3.2-1B model.

ate synthetic transitions (s¢, &, It, $14+1) 7<t<Tm..; Where §,.; is the next state generated by
the LLM model applied on the trajectory of the states only, &, is an action sampled from
the data collection policy 74(.|s;), and 7" is the minimal context length. These transitions
are then stored in a separate replay buffer Rym. At a given update frequency, DICL-SAC
performs G gradient updates using data sampled from R and a% - G gradient updates
using data sampled from Ry,. Other hyperparameters of our method include the LLM-
based method (vICL, or DICL-(s,a)), how often we generate new LLM data
and the maximal context length T,,.« (see Section C.4 for the full list of hyperparame-
ters).

Figure 4.6 compares the return curves obtained by DICL-SAC against SAC in three con-
trol environments from the Gym library [Bro+16]. As anticipated with our data aug-
mentation approach, we observe that our algorithm improves the sample efficiency of
SAC at the beginning of training. This improvement is moderate but significant in the
Pendulum and HalfCheetah environments, while the return curves tend to be noisier in
the Hopper environment. Furthermore, as the proportion of LLM data « increases, the
performance of the algorithm decreases (particularly in HalfCheetah), as predicted by
theorem 4.4.1. Indeed, a larger proportion of LLM data correlates with a higher proba-
bility of branching p, as more branching points will be sampled throughout the training.
Regarding the other parameters of our bound in theorem 4.4.1, we set " = 1, meaning
all LLM-generated transitions are added to Rim, and £ = 1 to minimize LLM inference
time.
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4.4.3 Policy Evaluation

System engineers are often presented with several policies to test on their systems. On
the one hand, off-policy evaluation (e.g., [USK22]) involves using historical data col-
lected from a different policy to estimate the performance of a target policy without dis-
rupting the system. However, this approach is prone to issues such as distributional shift
and high variance. On the other hand, online evaluation provides a direct and unbiased
comparison under real conditions. System engineers often prefer online evaluation for a
set of pre-selected policies because it offers real-time feedback and ensures that deploy-
ment decisions are based on live data, closely reflecting the system’s true performance
in production. However, online evaluations can be time-consuming and may temporar-
ily impact system performance. To address this, we propose a hybrid approach using
LLM dynamics predictions obtained through ICL to reduce the time required for online
evaluation: the initial phase of policy evaluation is conducted as a standard online test,
while the remainder is completed offline using the dynamics predictions enabled by the
LLM'’s ICL capabilities.

40 Hopper HalfCheetah

0 200 400 0 200 400
k k

— viCL DICL-(s) —— DICL-(s,a) — MLP

Figure 4.7: Policy evaluation with DICL. Relative error on the predicted value over
kE = 500 steps, with context length of 7" = 500. This experiment is conducted using the
Llama 3-8B model.

Figure 4.7 illustrates the relative error in value obtained by predicting the trajectory of
rewards for £ steps, given a context length of 7" = 500. When k < 500, we complete the
remaining steps of the 1000-step episode using the actual rewards. For the two versions
of DICL, the reward vector is concatenated to the feature space prior to applying PCA.
In the Hopper environment, it is evident that predicting the reward trajectory alone is a
challenging task for the vanilla method vICL. On the contrary, both and DICL-
(s.a) effectively capture some of the dependencies of the reward signal on the states
and actions, providing a more robust method for policy evaluation, and matching the
MLP baseline that has been trained on a dataset of transitions sampled from the same
policy. However, in HalfCheetah we observe that the vanilla method largely improves
upon both the baseline and DICL. We suspect that this is due to the fact that the reward
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signal is strongly correlated with the rootz dimension in HalfCheetah, which proved to
be harder to predict by our approach, as can be seen in Figure 4.4 panel (a).

Note that the experimental setup that we follow here is closely related to the concept of
Model-based Value Expansion [Fei+18; Buc+18], where we use the dynamics model to
improve the value estimates through an n-step expansion in an Actor Critic algorithm.

4.4.4 Calibration of the LLM uncertainty estimates

Anintriguing property observed in Figure 4.4 panel (b) is the confidence interval around
the predictions. As detailed in Algorithm 15, one can extract a full probability distribu-
tion for the next prediction given the context, enabling uncertainty estimation in the
LLM'’s predictions. Notably, this uncertainty is pronounced at the beginning when con-
text is limited, around peaks, and in regions where the average prediction exhibits large
errors. We explore this phenomenon further in the next section by evaluating the cali-
bration of the LLM’s uncertainty estimates.

Calibration is known to be an important property of a dynamics model when used in
RL [Mal+19]. In this section, we aim to investigate whether the uncertainty estimates
derived from the LLM’s logits are well-calibrated. We achieve this by evaluating the
quantile calibration [KFE18b] of the probability distributions obtained for each LLM-
based method.

Quantile calibration. For a regression problem with variable y € ) = R, and a model
that outputs a cumulative distribution function (CDF) F; over y; (where i indexes data
points), quantile calibration implies that y; (groundtruth) should fall within a p%-confidence
interval p% of the time:

Zi]il H{y; < Fi_1<p)}
N

—p forall pe[0,1] as N — o© (4.4)

where F; ' : [0,1] — ) denotes the quantile function F; '(p) = inf{y : p < Fi(y)} for all
p € [0,1], and N the number of samples.

LLMs are well-calibrated forecasters. Figure 4.8 shows the reliability diagram for the
bfoot dimension of the HalfCheetah system. The overall conclusion is that, regardless
of the LLM-based sub-routine used to predict the next state, the uncertainty estimates
derived from the LLM’s logits are well-calibrated in terms of quantile calibration. Ide-
ally, forecasters should align with the diagonal in Figure 4.8, which the LLM approach
nearly achieves. Furthermore, when comparing with a naive baseline (the details are
deferred to Section C.7), the LLM-forecaster matches the baseline when it’s already
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calibrated, and improves over it when it’s not. To quantify a forecaster’s calibration
with a point statistic, we compute the Kolmogorov-Smirnov goodness-of-fit test Equa-
tion (C.6), shown in the legend of Figure 4.8.

HalfCheetah - bfoot
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quantile

Naive vicL DICL-(s) DICL(s,a)
— ks=0.18  — ks=0.07 ks=0.06  ~ ks=0.09

Figure 4.8: Quantile calibration reliability diagram. The LLM (Llama 3 8B) uncertainty
estimates are well-calibrated. Vertical lines show the Kolmogorov-Smirnov statistic for
each fit.

4.5 Discussion

By introducing the DICL framework, our goal is to bridge the gap between MBRL and
LLMs. Our study raises multiple open questions and future research directions. Notably,
the choice of the feature transformation is crucial for improving performance in specific
applications. We plan to explore transformations that capture not only linear but also
non-linear dependencies, such as AutoEncoders, as discussed in Section C.3. Another
possible direction is the integration of textual context information into the LLM prompt.
This approach has been shown to enhance the overall pipeline for time series forecasting
[Jin+24a; XS23] and policy learning [ Wan+23].

Besides this, our algorithm DICL-SAC performs data augmentation by applying the
LLM to generate next states as in Equation (4.2). This operation requires a total of d;
calls to the LLM (or c after the ¢ transformation) to generate 7., — 7 transitions, as the
time steps can be batched. This approach assumes a fixed policy in the context, allowing
the LLM to implicitly learn P™ using only the states. Looking ahead, a future research
direction is to explore how to apply DICL to MBRL by replacing the dynamics model
with an LLM. Naively applying DICL-(s,a) would require (T.x — T) - d, calls to the
LLM, as transitions need to be predicted sequentially when actions change. This results
in an extremely computationally expensive method, making it infeasible for many ap-
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plications. Therefore, further research is needed to make this approach computationally
efficient.

Conclusion

In this chapter, we ask how we can leverage the emerging capabilities of Large Lan-
guage Models to benefit model-based RL. We build on previous work that successfully
conceptualized in-context learning for univariate time series prediction, and provide a
systematic methodology to apply ICL to an MDP’s dynamics learning problem. Our
methodology, based on a projection of the data in a linearly uncorrelated representation
space, proved to be efficient in capturing the dynamics of typical proprioceptive control
environments, in addition to being more computationally efficient through dimension-
ality reduction.

To derive practical applications of our findings, we tackled two RL use-cases: data-
augmented off-policy RL, where our algorithm DICL-SAC improves the sample effi-
ciency of SAC, and benefits from a theoretical guarantee under the framework of model-
based multi-branch rollouts. Our second application, consisted in predicting the trajec-
tory of rewards in order to perform hybrid online and model-based policy evaluation.
Finally, we showed that the LLM-based dynamics model also provides well-calibrated
uncertainty estimates.
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variate time series forecasting tasks. However, several practical challenges per-

sist, including managing intricate dependencies among features and quantifying
uncertainty in predictions. This study aims to tackle these critical limitations by intro-
ducing adapters, which are feature-space transformations that facilitate the effective use
of pre-trained univariate time series FMs for multivariate tasks. Adapters operate by
projecting multivariate inputs into a suitable latent space and applying the FM inde-
pendently to each dimension. Inspired by the literature on representation learning and
partially stochastic Bayesian neural networks, we present a range of adapters and opti-
mization/inference strategies. Experiments conducted on both synthetic and real-world
datasets confirm the efficacy of adapters, demonstrating substantial enhancements in
forecasting accuracy and uncertainty quantification compared to baseline methods. Our
framework, AdaPTS, positions adapters as a modular, scalable, and effective solution for
leveraging time series FMs in multivariate contexts, thereby promoting their wider adop-
tion in real-world applications.

PRETRAINED foundation models (FMs) have shown exceptional performance in uni-

5.1 Introduction

Time series forecasting is a well-established machine learning task that involves ana-
lyzing sequential data to predict future trends based on historical patterns. Two key
challenges frequently arise in this context: (a) time series are often multivariate, in-
corporating multiple descriptive features [Weil9], and (b) estimating the uncertainty
of a forecast is equally important, requiring probabilistic model outputs [ GK14]. These
challenges are particularly relevant in real-world applications where risk assessment de-
pends on reliable forecasts, such as healthcare [JS12], finance [ GPR13], energy manage-
ment [ZWW14; NW18], and weather prediction [Pall2; Bi+23].

Existing FMs for time series forecasting, such as Chronos [ Ans+24], are typically trained

for univariate forecasting tasks due to tractability constraints, as a wide range of real-
world time series problems often involve different numbers of features. Nevertheless,
handling multivariate time series directly within these models has been attempted [ Liu+24d],
yet remains computationally challenging due to the high-dimensional dependencies among
features. This limitation raises a fundamental question: how can we leverage existing
pre-trained univariate FMs to enable probabilistic forecasting for multivariate time se-
ries?

To address this, we introduce AdaPTS, a novel framework designed to augment FMs with
probabilistic adapters. As illustrated in Figure 5.1, AdaPTS applies a stochastic feature
transformation that maps the input time series into a latent space, where predictions
are made using the frozen FM. Our framework sets itself apart from existing literature
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Figure 5.1: (a) Augmenting Moment time series foundation model with the AdaPTS frame-
work provides probabilistic and more accurate predictions. (b) The AdaPTS framework:
The input time series is transformed through a feature space transformation ¢ that maps
into a stochastic latent space, where the FM now operates. The fire symbol indicate
trainable weights while the snowflake implicates that the parameters of the FM are kept
frozen.

by fitting an inverse transformation as part of the adapter, allowing predictions to be
transformed back into the original feature space. Beyond enhancing forecasting accu-
racy, the integration of stochasticity into the adapter’s latent representation ensures that
the model captures uncertainty, thereby improving both calibration and robustness.

Our approach leads to several novel insights and contributions, which we summarize as
follows:

1. Multivariate FM adaptation. We introduce a principled methodology for adapt-
ing existing pre-trained univariate FMs to multivariate probabilistic forecasting,
resulting in the AdaPTS framework.

2. Theoretical foundations of adapters. We provide a theoretical analysis to sup-
port the necessity of adapters, starting with the analytically tractable case of linear
adapters and linear FMs. We then build on the literature on partially stochastic
Bayesian neural networks to introduce probabilistic adapters.

3. Empirical validation. We conduct experiments on multivariate time series fore-
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casting benchmarks, demonstrating that our approach improves forecasting accu-
racy over baseline methods. We then analyze the interpretability of the learned
latent representation and show that adapters enable cost-efficient adaptation by
reducing the dimensionality of the feature space.

The rest of this chapter is organized as follows: Section 5.2 states the problem setup and
related work, Section 5.3 details the theoretical analysis on linear adapters. Section 5.4
extends our framework to probabilistic adapters, while Section 5.5 showcases experi-
mental results. Finally, we conclude with future directions in Section 5.6.

5.2 Background knowledge

5.2.1 Problem setup

Consider a multivariate long-term time series forecasting task, represented by: a data
matrix X € R¥*P where L is the context window size and D is the multivariate time
series dimensionality, and a target matrix Y € R¥*?, where H is the forecasting horizon.
We denote by x; € RF*! (respectively y, € R7*!) the d-th component of the input
(respectively target) multivariate time series.

Our goal is to leverage a frozen pre-trained univariate time series foundation model de-
noted by fry : R — REX! (Section 5.1). In the case of a multivariate input X, for
the sake of simplicity, we denote by fr\(X) the application of fry to each channel inde-
pendently. We aim to achieve best forecasting quality by minimizing the mean squared
error (MSE) loss defined as follows:

D
L= 1Y~ frn)l = 5 D v~ FenGeal3 (51)
d=1

We now formally define an adapter, a tool by means of which we aim to best use the
foundation model fr\ for multivariate forecasting:

Definition 5.2.1 (adapter). An adapter is a feature-space transformation ¢ : RP? — RP'
that is applied to the data prior to the foundation model®. The forecast is then obtained by
transforming the predictions back to the original feature space:

Y(X;9) = o7 (frm(#(X)))-

In practice, ¢ is applied on matrices X in RL*P . This denotes the application of ¢ on each row of
p ¥ 15 app PP
X.
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According to this definition, an adapter is valid only if the inverse transformation ¢~ :
RP" — RP, such that Vx € R”, o~! 0 p(x) = x, is well-defined on R”". In the rest of the
chapter, we relax this condition by implementing the direct transformation as encoder
(p £ enc), and respectively, the inverse transformation as decoder (p~' = dec). In this
case, the predictions obtained after the application of the adapter become:

Y (X; enc, dec) = dec(fFM(enc(X))).

We note that in the literature, there exist alternatives to adapt to the multivariate setting
[ZY23; Tia+23], but we have chosen this family of adapters due to their high flexibility
as: (a) any foundation model can be plugged-in, (b) no requirement of fine-tuning due
to feature-level transformations [Feo+24], (c) adaptation to the computation budget by
defining the number of encoded channels.

Optimality of an adapter. In order for an adapter to be useful, it has to achieve a fore-
casting error lower compared to an adapter that represents the identity matrix I of size
D and does not perform any transformation of the feature space. Therefore, we define
the optimality of the adapter based on improving the forecasting error of the identity
baseline:

L= Lp) =Y — o7 (fruleX) I3,
where L is defined by Equation (5.1).

5.2.2 Related work

Time Series Foundational Models. Over the past two years, a plethora of foundation
models have been proposed with a particular focus on time series forecasting. Some of
these models like GPT4TS [Tia+23] and Time-LLM [Jin+24b] “reprogram” a Large Lan-
guage Model to the forecasting setting by freezing most of its layers and fine-tuning ad-
ditional time series-specific modules to a new downstream task. The majority of time se-
ries FMs including Lag-Llama [Ras+24], Chronos [ Ans+24], Moirai [ Liu+24d], TimesFM
[Das+24] and Moment [ Gos+24 ] are trained from scratch on a large volume of time series
data. Beyond the transformer architecture, [ Eka+24] present TTM, an all MLP foundation
model.

Adapters. The multivariate setting presents a significant challenge for time series FMs,
as different tasks involve varying numbers of channels!. To the best of our knowledge,
the only model that naturally accommodates any number of channelsisMoirai [Liu+24d],
which, however, suffers from high computational demand due to processing all chan-
nels flattened in the transformer, leading to a quadratic memory complexity w.r.t. to

'Throughout the chapter, the words features, channels, and components are used interchangeably to refer
to the number of variates in a multivariate time series, represented as D in Section 5.2.1.
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the number of channels. Most foundation models, instead, treat each one of these in-
dependently, which, as noted by [Feo+24; Feo+25], remains computationally expensive
when full fine-tuning is required. For classification tasks with hundreds or thousands
of features, they demonstrated that simple adapters like the rotation matrix obtained
through Principal Components Analysis (PCA) mitigate this issue. At the same time,
[Ben+25] showed that PCA preserves channel interactions by learning new disentangled
components. However, in both cases, PCA provided little improvement over independent
processing, leaving room for further enhancements. In the context of tabular regression,
foundation models such as TabDPT [ Ma-+24a] also use PCA to adapt to a variable number
of features.

Less related to our work, [LM16] use a Gaussian process adapter in the context of irreg-
ular time series classification. In other domains, adapters have been used for multimodal
(text-time series) representation learning [ Zha-+24c] and computer vision [ Li+25; Yin+23;
Pan+22].

5.3 Theoretical analysis

The purpose of this section is to study the optimization problem that the adapter ¢ is
aiming to solve:

@' = argmin Y = ¢~ (fint (X)) I (52)

Under mild assumptions on the class of adapter functions and the backbone foundation
model fr\;, we aim to characterize the optimal solution ¢* and prove that it fulfills the
optimality condition: L(p*) < L.

We first consider the linear case where we constrain the adapter ¢ to the class of linear
transformations, parametrized by a matrix W, € RP*P: o(X) = XW.,,.

Assumption 5.3.1. W, has full rank: rank(W ) = D, ensuring its invertibility.
Assumption 5.3.2. For ease of derivation, we consider a similar linear parameterization for the
foundation model: fry(X) = Wiy X +beyl " where Wry € REH bry € R, and 1 a vector
of ones of dimension D.

Proposition 5.3.1 (Optimal linear adapter). Under assumption 5.3.1 and assumption 5.3.2,
the closed-form solution of the problem

LW,) = [[Y = (Wi XW, + by 1" )W |[3 (53)
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writes as:
* T T
Ww = (B A)*B B, (5.4)

where W, = argminy, L(W,), A =Y — W, X, B =bpy1', and (B" A)* denoting
the pseudo-inverse operator.

Proof. The result follows by differentiating £L(W,,) with respect to W, and solving the
Euler equation: Vw £ = 0. The detailed proof is deferred to Section D.1. O

Remark 5.3.1. In this case, the fact that the matrix B = by, 17 have identical columns renders
the matrix BT A degenerate (with rank(B' A) = 1). In practice, we add a positive constant to
the diagonal in order to numerically stabilize the matrix inversion: W7, = (B'A+ AI)"'B'B,
with A > 0. In Section 5.3.1, we show that we are able to reach an optimal solution regardless of
this added regularization.

proposition 5.3.1 establishes the existence of a solution to the optimal adapter problem
defined in Equation (5.2) and demonstrates that this solution does not necessarily cor-
respond to the identity matrix. This analysis in the linear case provides the foundational
motivation for our gradient descent based optimization approach to determine the op-
timal adapter configuration.

5.3.1 Illustrative example

Synthetic data. Our synthetic dataset comprises two multivariate time series, one with
several independent components and the other with linearly correlated ones (Figure 5.2),
designed to evaluate a linear feature-space transformation. The data generation process
creates five uncorrelated base signals (sinusoids with distinct frequencies, amplitudes,
and iid noise) and derives eight additional channels through linear combinations of these
bases with additive Gaussian noise of different magnitude o € (0.1,0.2,0.5).

This construction provides a controlled environment where the ground truth relation-
ship between channels is known: the underlying data manifold is effectively five dimen-
sional, but in the correlated case the observed eight-dimensional multivariate time series
includes varying levels of noise and linear mixing.

Randomly generated linear FMs. The experimental setup in Figure 5.2 consists in ran-
domly sampling the linear parameters of a toy foundation model: Wgy and bpy. To sim-
ulate a realistic scenario, we use Glorot-uniform initialization distribution as it would be
the case in neural network-based architectures. We then compute the closed-form solu-
tion W7, Equation (5.4) on raw data X, and compare the resulting loss value with the
baseline (using the identity matrix I as adapter) and the PCA-only adapter.
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Figure 5.2: Optimality of W. Comparing the MSE obtained with W7, against the base-
line, for 1000 randomly generated linear FM.

Figure 5.2 shows that in the case of uncorrelated data (left column) PCA is equivalent
to the identity matrix, while the solution W7, to the problem £(W,,) reaches an order
of magnitude better forecasting loss. In the correlated case, we observe that PCA has a
similar performance to the optimal solution. This example motivates the adapter idea
through the existence of better linear transformations than the identity matrix in the case
of linear foundation models.

5.4 AdaPTS: Adapters for Probabilistic Multivariate Time
Series Forecasting

In this section, we introduce families of adapters that verify the conditions stated in
definition 5.2.1. Furthermore, we extend this definition to include probabilistic variants
of adapters, useful for uncertainty quantification.
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5.4.1 Families of adapters

Our framework accommodates various families of transformations that can serve as
adapters. Initially, we define linear AutoEncoders and subsequently extend them to
their deep non-linear counterparts. Ultimately, we introduce the probabilistic adapter
framework, encompassing Variational AutoEncoders (VAE) and Dropout-based families
of adapters.

Linear AutoEncoders. In addition to the linear setup introduced in Section 5.3, we ex-
tend Linear AutoEncoders to provide a simple yet effective method for dimensionality
reduction while preserving the temporal relationships within time series data. In this
more general case, the encoder compresses the multivariate time series X into a poten-
tially lower-dimensional representation Z = XW,., where W, € R” xD" is the linear
transformation matrix, and D’ < D. The decoder reconstructs the forecast to the original
feature space as Y = fem(Z)W gec. Finally, the parameters of the encoder W, and the
decoder W are jointly optimized to minimize the objective in Equation (5.2).

Deep non-linear AutoEncoders. Deep non-linear AutoEncoders extend their linear coun-
terparts by employing multiple layers of non-linear transformations. The encoder maps
the input X to a latent space Z = enc(X; e,.), where enc is parameterized by a deep neu-
ral network. Similarly, the decoder reconstructs the predictions of the foundation model
in the latent space: Y = dec(frm(Z); Ogec)-

Besides AutoEncoders, Normalizing Flows [ KPB21 | such as RealNVP [DSB17] are a valid
choice in the context of adapters, thanks to their inherently invertible nature. However,
their training proved challenging due to the transformation being tied to its inverse lead-
ing to poor performance in practice. We defer a discussion on Normalizing Flows as
adapters to Section D.2.

5.4.2 Probabilistic Adapters

We now discuss an alternative to the optimization of adapters, which is based on a
Bayesian treatment of their parameters. There are many options on how to carry out
inference over these parameters, and we can draw from the literature on Bayesian infer-
ence for neural networks [Pap+24].

Considering a FM which yields point predictions, the appeal of Bayesian adapters is
that they enable probabilistic predictions, which can be used for uncertainty quantifi-
cation. Note that this is the case for models such as Chronos and Moirai, which output
a distribution over the time series continuous values®. For deterministic FMs such as

2In the case of Chronos, this distribution is obtained through a categorical distribution (with softmax
probabilities) over a tokenized space of the time series values.
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Moment [Gos+24], a Bayesian treatment of adapters yields an ensemble of such predic-
tions, which is key for accounting for the predictive uncertainty.

Inference. Recalling that 0 represents the set of parameters of encoder (ency) and de-
coder (decy), we can attempt to obtain the posterior distribution over these parameters
through Bayes theorem [Gel+13]:

p(01Y,X) o< p(Y|X, 0)p(0),

where p(6) is the prior distribution over the parameters and p(Y|X, #) the likelihood,
with Y, X representing a training dataset in this context. Alternatively, we can treat
the latent representation Z as stochastic, where the interest is now to characterize the
following posterior:

p(Z|Y,X) o< p(Y[X, Z)p(Z).

In these two formulations, the posterior distribution over the parameters is instrumental
in obtaining predictive distributions useful for uncertainty quantification. For instance,
in the case of inference over 6, for new test data Y*, X* we obtain:

P(Y'IX*, Y, X) = [ p(Y"[X", 0)p(0]Y, X)db.

Characterizing the posterior analytically, however, is intractable and we need to resort
to approximations. The literature on Bayesian inference offers various strategies, which
can be adapted to neural networks [Pap+24], including variational inference [Grall],
Laplace approximations [ Yan+24], and Markov Chain Monte Carlo (MCMC) [CFG14;
Tra+22].

Within the AdaPTS framework, we focus in particular on variational inference (VI) for
VAE adapters and on Monte Carlo dropout [GG16a] as an approximate form of VI for
carrying out inference over 0.

Variational AutoEncoders. Following the Bayesian perspective on adapters, VAE assume
a prior distribution over the latent representation Z, typically N(0,I). The encoder then
outputs parameters of the posterior distribution ¢4(Z|X), and the decoder generates
reconstructions of predictions Y ~ py(Y|X, frum(Z)) where 6 parametrize a likelihood
model p. In the context of adapters, we define the training objective of the VAE, which
brings together the forecasting loss and a regularization term, similarly to the evidence
lower bound (ELBO) [KW13] objective, in proposition 5.4.1. The derivation of this lower
bound and a discussion on the implications of each term of the loss are deferred to Sec-
tion D.1.2.
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Proposition 5.4.1 (VAE adapter training objective). The training objective for the VAE
adapter is the maximization of an ELBO-like lower bound on the marginal likelihood of the
target Y:

log po(Y|X, frm) 2Ky, zix) [log po(Y X, frm(Z))]
— dk1.(44(Z|X)|[p(Z)),

where dx;, denotes the Kullback-Leibler divergence.

Remark 5.4.1. In practice, we use the Gaussian likelihood as our likelihood model:

po(Y|X, fom(Z)) = N(Y: Y, 0%T), Y = decy(fom(Z)).

In this case, the forecasting loss term boils down to the MSE objective in Equation (5.2) (up to
multiplicative and additive noise-related constants):

. 1 N HD
log N (Y;Y,0%T) = —TﬂHY ~Y|7 - - log(2ma?).

Notice that one can also learn a model of the noise where

deco(frn(2)) = [uo(Y X, fem(Z)), 06(Y[X, frm(Z))].

Remark 5.4.2. The KL divergence regularization term can be multiplied by a scaling factor (3 to
control the disentanglement — independence of the latent representation components. This results
in -VAE [Hig+17], that we refer to as the VAE adapter throughout the chapter.

Dropout as approximate VI. Dropout [Sri+14a] can be interpreted as a form of varia-
tional inference, where a variational distribution is imposed over the weights of a neural
network [GGl6a]. Specifically, applying dropout during training corresponds to ap-
proximating a posterior over the weights using a Bernoulli distribution. This perspective
allows the deterministic models to be transformed into probabilistic models by introduc-
ing stochasticity through dropout.

Adapters and partially stochastic Bayesian neural networks. Treating adapters in a
Bayesian manner while keeping the FM fixed aligns with the concept of partially stochas-
tic Bayesian neural networks, which provides theoretical guarantees on universal condi-
tional density estimation [Sha+23]. This framework ensures that the model can approx-
imate any conditional density, provided that stochasticity is introduced early enough in
the architecture and that the number of stochastic units matches or exceeds the output
dimension. Using probabilistic adapters, we comply with these conditions by making
the encoder stochastic, allowing the learned latent space to capture uncertainty while
leveraging the FM’s fixed parameters.
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No adapter with adapter

Dataset H
Moment PCA LinearAE  dropoutLAE LinearVAE VAE
ETTh1 96 0.41140.012 0.43340.001  0.40219.002 0.395.9.003 0.40040.001 0.40440.001
192 0.431:0001 044010000 045210002  0.44640001  0.44810002 0.43110.001
Tlness 24 290210023 29810001 2.62410035  2.7610061  2.542:0036 2.46110.008
60  3.000+0.004 3.07910.000 311010127  2.79410015 2.75210040 2.96010.002
Weather 96 017710010 0.17610000 0.169:0000 0.15610.001 0.16110001  0.18710.001
192 0'202i0.000 0-208i0.001 0.198.0.001 0.200:&0'001 0'204i0.000 0-226i0.000
96 0.13010011 0.14710000 0.16710013 0.13010.011  0.24310030  0.45540.010
ExchangeRate

192 0.21040.002 0.22240000 0.30440.005  0.30510.013  0.45710020  0.60710.021

Table 5.1: Performance comparison between the baseline Moment model without adapters
against different adapter architectures (PCA, LinearAE, dropoutLinearAE, LinearVAE,
and VAE), for multivariate long-term forecasting with different horizons H. We display
the average test MSE =+ standard error obtained on 3 runs with different seeds. Best re-
sults are in bold, with lower values indicating better performance.

5.5 Experiments & Results

In this section, we empirically demonstrate quantitative and qualitative superiority of
AdaPTS for multivariate long-term time series forecasting on common benchmarks. We
show that the proposed adapter approach yields an improvement to Moment, a com-
monly used time series forecasting foundation model, over different datasets and pre-
diction horizons. We then extend the analysis to other foundation models such as TTM
and TimesFM.

5.5.1 Time series forecasting

Datasets. Our experiments are conducted on four publicly available real-world multi-
variate time series datasets, commonly used for long-term forecasting [Ilb+24; Wu+21;
Che+23; Nie+23; Zen+23]. These datasets include the Electricity Transformer Tem-
perature dataset (ETThl) [Zho+21], ExchangeRate [Lai+18], Weather [Max21], and
Influenza-like Illness [US 24]. All time series are segmented with an input length of
L = 512, prediction horizons H € [96,192] and H € [24,60] for the Illness dataset, and
a stride of 1, meaning each subsequent window is shifted by one step. These datasets
(detailed in Section D.3.1) originate from various application domains, enabling a com-
prehensive evaluation of our framework across diverse real-world scenarios.

Baseline. We compare our method against the vanilla application of Moment, (where s
stands for small) from the Moment family of models [ Gos+24]. This means that for each
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dataset, we apply Moment, independently to each feature. Additionally, we compare our
learning-based adapters against PCA, an adapter that has been used in the literature for
model-based reinforcement learning [Ben+25] and time series classification [Feo+24;
Feo+25].

AdaPTS improves the performance of Moment. We present the forecasting error mea-
sured by the Mean Squared Error (MSE) in Table 5.1 and the Mean Absolute Error
(MAE) in Section D.5. On the ETTh1 dataset with a prediction horizon H = 96, all
adapter-based variants outperform the baseline Moment model, with dropoutLinearAE
achieving the best performance, showing an 8% improvement. Similar results are ob-
served for the Illness dataset, where all adapters improve over the baseline. Notably, the
VAE achieves a significant 15% improvement, reducing the MSE from 2.902 to 2.461 at
H = 24. In the Weather dataset, the dropoutLinearAE adapter shows the best improve-
ment across all adapter architectures for H = 96, while its deterministic counterpart,
LinearAE, takes the lead at H = 192. The results on the ExchangeRate dataset are mixed,
with some adapters matching the baseline performance (dropoutLinearAE at H = 96)
while others show degraded performance, particularly at a longer prediction horizon
(H = 192), which is also observed for the ETTh1 dataset. Overall, AdaPTS improves the
forecasting accuracy of Moment in 5 out of the 8 considered tasks, matches its performance
in 2, and degrades performance in 1 task.

Beyond Moment. To validate our approach at a broader scope, we tested AdaPTS against
other TSFMs with distinct architectural characteristics: (1) TTM, an all-MLP architecture
that contrasts with the transformer-based designs prevalent in other foundation models,
(2) TimesFV, a decoder-only transformer model (in contrast to Moment’s encoder-only ar-
chitecture). Table D.3 summarizes the characteristics of these models, all of which have
been integrated into our package (see Section D.4). We evaluated these foundation mod-
els on the Illness(H = 24) benchmark, measuring the relative percentage improvement
achieved through optimal adapter selection and corresponding hyperparameters.

Table 5.2: MSE relative improvement on the Illness(H = 24) task (=+ the standard error).

FM Optimal adapter MSE Imp (%)
TTM VAE (B=20=1) 12.35:&2.51
TimesFM dropoutLAE =01 3.6445 81

Table 5.2 reveals varying performance improvements across different foundation mod-
els, with TTM exhibiting substantial gains while TimesFM showing more modest enhance-
ments. However, these findings should be interpreted as preliminary as evaluation
across additional datasets and benchmarks is necessary to fully characterize the perfor-
mance of different foundation models, a direction for ongoing research. This observation
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might also suggest that the effectiveness of the adapter-based approach depends on the
underlying foundation model.
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Figure 5.3: Impact of the number of components on the model performance. The hori-
zontal dashed line indicates the performance of Moment without adapters. The shaded
area represents its standard deviation, and the vertical line indicates the number of orig-
inal features.

5.5.2 Dimensionality Reduction

Figure 5.3 illustrates the impact of varying the adapter’s latent space dimension D’ on
the forecasting performance across different adapters. For the ETThl dataset with a
96-step horizon, all adapter architectures achieve optimal performance at 7 components
(matching the original feature count), with MSE values consistently lower than the base-
line. Notably, at just 5 components, all adapters (except the PCA baseline) match the
baseline score, demonstrating the suitability of our framework for low-resource setups
through dimensionality reduction. The Illness dataset (/{ = 24) presents more com-
pelling results, as the VAE adapter achieves significantly optimal performance with only
2 components, underscoring the potential of our approach for cost-effective adaptation
of time series foundation models. Ultimately, we find that expanding dimensionality
beyond the original feature count does not yield further improvements, as no adapter
shows notable enhancements past this point.

5.5.3 Interpretability of the latent representations

Figure 5.4 compares the representation learning capabilities of different adapters on
the Illness (H = 24) dataset, focusing on their ability to distinguish between training
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Figure 5.4: Visualization of the latent representation obtained by different adapters
(with number of components equal to 2) on Illness( = 24). Shaded colors indicate
the time dimension, with lighter colors representing earlier timesteps.

and test data. To visualize the raw dataset, we employ PCA for dimensionality reduc-
tion, retaining only two principal components, which is justified by the 95.6% explained
variance. When representing the training and test datasets in the space of the first two
principal components, we observe a clear distribution shift, potentially complicating the
forecasting task for the baseline foundational model. In contrast, using AdaPTS results in
well-overlapping Gaussian distributions for the training and test data in the latent space.
This demonstrates our framework’s ability to enforce a structured, isotropic representa-
tion that mitigates distribution shift. This effect is particularly pronounced with the VAE
adapter and, to a lesser extent, with LinearVAE and dropoutLinearAE.

The findings emphasize the advantages of VAE in managing distribution shift, a critical
challenge in time series representation learning. By modeling uncertainty and enforcing
a continuous latent space, VAE enhance generalization, making them especially valuable
for real-world applications where test distributions differ from training data. This aligns
with the objective of utilizing adapters in foundational models to optimize zero-shot
performance, ensuring robustness across various tasks without extensive fine-tuning.

5.54 On the calibration of the probabilistic adapters

To evaluate the calibration of our adapter-based probabilistic forecasters, we use quan-
tile calibration [GBR] as depicted in the reliability diagram in Figure 5.5. In an ideal
scenario, a well-calibrated probabilistic forecast should align with the red dashed diag-
onal, indicating that the empirical proportion of observations falls within the predicted
quantiles at the expected rate. The overall conclusion is that we observe a gradual devi-
ation from ideal calibration as the prediction horizon increases (darker shades). While
early prediction horizons display reasonably well-calibrated predictions, longer-horizon
forecasts systematically underestimate uncertainty, as shown by the curve falling below
the diagonal. This indicates that observed values exceed predicted quantiles more fre-
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Figure 5.5: Reliability diagram for the first feature of the ETTh1 (H = 96) dataset using
LinearVAE.

quently than expected, suggesting that the predictive distribution becomes too narrow,
resulting in overconfident forecasts.

5.5.5 Ablation studies

Influence of o and [ in the VAE Adapter. Figure 5.6 illustrates an ablation study exam-
ining the  parameter in $-VAE and the noise scale o of the likelihood model applied to
the prediction Y, assessing their effects on MSE and Expected Calibration Error (ECE)
[Guo+17b]. The MSE heatmap (left) demonstrates that increasing 3 generally dimin-
ishes MSE, with the lowest values observed at 5 = 2.0 and 3 = 4.0, particularly for
higher log o2. This indicates that stronger regularization through /3 can enhance forecast-
ing accuracy, possibly due to the disentangling effect of regularization towards a prior
distribution with statistically independent components. Conversely, the ECE heatmap
(right) shows that higher 5 and log 0% values result in lower calibration error, with op-
timal results at 5 = 4.0 and logo? = 3.0. This outcome is anticipated, as larger values
of 8 and ¢ mitigate overfitting, where the model tends to exhibit overconfidence in its
predictions. Additionally, it is observed that maintaining a fixed o during training gen-
erally outperforms including it in the optimization loop, a configuration denoted as auto
in Figure 5.6.

LinearAE components. The ablation study presented in Figure 5.7 examines the per-
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Figure 5.6: 3 and log 0® VAE hyperparameters ablation on the Illness(H = 24) dataset.
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formance of different components of the linear autoencoder adapter (LinearAE) across
three datasets: ETTh1, Weather, and ExchangeRate. The figure compares the full linear
autoencoder with its encoder-only (LinearEncoder) and decoder-only (LinearDecoder)
variants. Overall, the results reveal that the decoder component of the linear autoen-
coder plays the most important role. The encoder-only variant’s contribution varies,
being more impactful in the Weather dataset compared to ETTh1l and ExchangeRate.
These findings highlight the significance of the decoder in the LinearAE adapter and
suggest that, in the deterministic case, a decoder might be sufficient to capture feature
dependencies.

05 / -
zo.o %"“H Q\\\ NN %mﬂm@

ETThl Weather ExchangeRate
B |inearEncoder B linearAE B linearDecoder

Figure 5.7: LinearAE components ablation.

Nevertheless, as shown in our previous experiments, particularly Table 5.1, probabilis-
tic adapters generally outperformed the deterministic ones. This underscores the im-
portance of the encoder as well, which is responsible for approximating the posterior
distribution in the latent space—a mechanism inherent to our probabilistic framework.

5.6 Conclusion

In this chapter, we investigate how pre-trained univariate time series foundation models
can be adapted for probabilistic multivariate forecasting. Our method, AdaPTS, offers a
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novel approach to training feature space transformations that facilitate uncertainty quan-
tification and enhance the performance of baseline foundation models. Through a series
of experiments, we demonstrate that our framework improves forecasting accuracy, pro-
vides reasonably well-calibrated uncertainty estimates, reduces inference cost through
dimensionality reduction, and offers interpretable feature space latent representations.

Limitations & Future directions. While our primary analysis focuses on Moment, our
approach generalizes to other foundation models, several of which have been integrated
into our publicly available package. Extensive experimentation across different foun-
dation models and benchmark datasets remains necessary to fully characterize our ap-
proach’s potential. Furthermore, while we use variational inference for computational
efficiency, exploring alternative methods such as MCMC could enhance uncertainty es-
timation and calibration, albeit with increased computational overhead.
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rewards from supervised data
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over Supervised Fine-tuning (SFT) including reduced catastrophic forgetting

RL has emerged as a powerful paradigm for adapting LLMSs, offering advantages

and improved generalization. However, these benefits require explicit reward
signals, often obtained from human preferences or verifiable outcomes, which are un-
available in many cases. We address this gap by introducing a framework that derives
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reward functions directly from supervised data, enabling RL-based training without ad-
ditional annotation. Our approach formulates reward learning as a bilevel optimization
problem: the outer level optimizes the reward parameters to maximize likelihood on the
training data, while the inner level trains a policy via entropy-regularized RL. Theoreti-
cal analysis in a tractable Gaussian setting reveals that the optimal reward takes the form
of a negative Mahalanobis distance, scaled by the inverse covariance of the target distri-
bution. We extend this insight to language models by defining rewards as distances in
a pretrained embedding space. Our experiments on LLM fine-tuning demonstrate that
our learned rewards match the performance of oracle RL that have access to ground-
truth rewards. Additional results on synthetic data, tabular classification and dynamics
modeling further validate the generality of our framework.

6.1 Introduction

Generative models have become central to modern machine learning research, driv-
ing advances in text [Bro+20; Dee+25], image [Rom+21; Ram+ ], and multimodality
[Zha+24a; Bai+25; Fu+25; Laj+24; Yin+24] under the umbrella of “Generative Al”
(GenAl). Their ability to synthesize realistic content has made them foundational in ap-
plications ranging from decision making [Shi+25; Kim+24; Int+25b] to scientific dis-
covery [Man+23; Lu+24].

Traditionally, such models are trained via MLE, where the parameters of the genera-
tive model are optimized to maximize the probability of observed data. This approach
provides a principled framework for fitting models to large datasets and remains the
backbone of many learning pipelines for generative models. Notably, this approach is
omnipresent in today’s Large Language Models (LLMs) through the next token prediction
paradigm [ Vas+23; Bro+20; Dee+25].

However, recent breakthroughs in LLMs research, demonstrate the limitations of MLE
alone. Techniques based on RL [Bel58], such as Reinforcement Learning from Human Feed-
back (RLHF) [Chr+17; Sti4+20] and more recently Reinforcement Learning from Verifiable
Rewards [ Sha+24; Dee+25], have proven more effective than SFT at aligning models with
human preferences and improving generation quality [SPA25; Lai+25; Swa+25]. These
methods leverage explicit or implicit reward signals to guide training beyond likelihood
objectives.

In many real-world scenarios, explicit reward functions for the tasks we aim to solve
are not readily available. Instead, we often have access to high-quality datasets that we
wish to use for aligning our models. Depending on the structure of these datasets, sev-
eral techniques have been proposed to derive reward functions, such as from preference
data [Raf+23] or from demonstrations [Fin+16; FLA16] when framed within a Markov
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Decision Process (MDP) formalism. Despite these advances, the fundamental question
surrounding this problem remains unresolved:

How can we learn implicit reward functions from supervised data?
In this chapter, we propose the following contributions toward addressing this question:

e Bilevel optimization perspective on MLE: We adopt a reward parametrization
in the form of a negative scaled distance between generative samples and targets.
We then reinterpret the MLE objective as a Bilevel Optimization (Bi-O) problem
where the outer-level optimizes over the reward parameters, and the inner-level is
defined by an RL objective in the model parameters.

e Theoretical analysis: We study this formulation for a Gaussian linear model, de-
riving insights into the theoretically optimal parameters of the reward function.

e Experimental results: Guided by the theoretical analysis and leveraging implicit
differentiation solvers, we propose practical algorithms for addressing the bilevel
optimization problem. We evaluate these algorithms on synthetic data, LLM fine-
tuning, and tabular regression and classification tasks.

The remainder of the chapter is organized as follows: Section 6.2 positions our work
within the relevant literature, while Section 6.3 introduces the problem setup and mo-
tivates our approach. In Section 6.4, we address the theoretical analysis of the bilevel
optimization problem in the Gaussian case. We showcase our experimental results in
Section 6.5, and conclude with a discussion in Section 6.6.

6.2 Related Work

RL vs SFT. The tension between maximum likelihood estimation and reinforcement
learning-based training has a long history in sequence modeling. Early work identi-
tied fundamental limitations of MLE in autoregressive models, including compounding
errors and exposure bias [Ben+15b; VHB15a; Ran+16; Bah+17; Tan+19]. These ob-
servations motivated policy gradient alternatives such as REINFORCE-based training
[Wil92a], Reward-Augmented Maximum Likelihood [Nor+16], and scheduled transi-
tions from MLE to RL [Ran+16]. More recently, this debate has intensified in the context
of large language model fine-tuning. [SPA25], [Lai+25], and [Swa+25] provide theoret-
ical and empirical evidence that on-policy RL fine-tuning mitigates catastrophic forget-
ting more effectively than supervised fine-tuning, as RL updates converge to solutions
closest in KL divergence to the original policy. Complementing these findings, [ Zhu+25]
demonstrate that RL with verifiable rewards provably explores reasoning paths that su-
pervised fine-tuning cannot reach. Our work addresses a key bottleneck in leveraging
these RL advantages: the need for explicit reward functions.
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Reward modeling. Existing approaches toreward learning typically require structured
supervision beyond standard labeled data. Learning from preferences [BT52; Ouy+22;
Raf+23] transforms pairwise comparisons into reward models and has become stan-
dard for LLM post-training [ Tou+23; Dai+24; Sha+24; Dee+25]. However, this requires
costly preference annotations. Inverse RL methods [ANO04; Zie+08; Fin+16; FLA16]
learn rewards under which expert demonstrations are optimal, assuming access to state-
action trajectories within an MDP formalism. Goal-conditioned approaches define re-
wards via spatial [ Nac+18; Maz+24], temporal [ Har+20; Wan+25], or semantic [ Son+23;
Fan+22] distances to target states. Our framework complements these paradigms by
deriving rewards from supervised data without requiring preferences or an MDP struc-
ture.

Connection to Maximum Entropy Inverse RL. Our bilevel formulation shares con-
ceptual ties with the MaxEnt IRL framework [ Zie+08], which recovers reward functions
that make observed behavior optimal under an entropy-regularized policy. The clos-
est prior work is [ Zen+22], who combine MLE with MaxEnt IRL for imitation learning
in control tasks. However, their approach is tailored to episodic RL setting, while our
framework targets general supervised learning problems. For LLM finetuning, the clos-
est work to ours is [Li+24] who consider a RLHF-typical LLM-based reward model in
a similar bilevel formulation. We distinguish ourselves by instead considering a more
general reward parametrization based on distances between embeddings.

6.3 Preliminaries

In Section 6.3.1, we begin by motivating the idea of learning reward functions from data,
outlining scenarios in which RL methods may be preferred over MLE. We then formally
define the problem setup in Section 6.3.2 and the proposed reward modeling framework
in Section 6.3.3.

6.3.1 Motivation

In RL, Policy Gradient (PG) methods are traditionally viewed as producing unbiased yet
high-variance gradient estimates, especially in long-horizon or high-dimensional tasks
[GBBO1]. In contrast, MLE has historically served as the dominant paradigm in super-
vised learning and probabilistic modeling [ Aka73]. However, in the current era of large
pretrained models and advanced RL algorithms, these limitations have become less re-
strictive, giving rise to many cases where PG methods are more advantageous than MLE.
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Figure 6.1: RL using rewards learned from SFT data. Our framework enables the learn-
ing of reward functions solely from the data presented to SFT, achieving a level of catas-
trophic forgetting mitigation comparable to RL with access to the oracle reward function.

Catastrophic forgetting is an area where these advantages are the most apparent. When
adapting LLMs to downstream tasks through post-training, it is often desirable to pre-
serve prior knowledge while specializing to new distributions. Recent studies [SPA25;
Lai+25; Swa+25; Zhu+25] suggest that on-policy RL fine-tuning achieves this balance
more effectively than SFT, since its updates converge to solutions closest in KL diver-
gence to the original policy.

To elucidate the motivation behind our approach, we conduct an experiment to demon-
strate how our method can mitigate the issue of catastrophic forgetting. Specifically, we
replicate the experimental setup from section 4 of [SPA25], where the ParityMNIST task
is introduced. This task involves predicting the parity of the number in the input image,
where the predicted parity corresponds to the parity of the predicted class (0 — 9). The
experiment begins with a pre-training phase, during which an MLP model is trained on
data from both ParityMNIST and FashionMNIST, where the latter consists in classifying
10 different cloth types. Subsequently, we run a fine-tuning phase focused solely on the
ParityMNIST task. During this phase, we compare SFT (cross-entropy minimization)
and RL (based on the REINFORCE algorithm) with either of the oracle parity reward or
the reward function derived from our framework. Given that the model outputs logits
for 10 classes, multiple optimal policies exist for ParityMNIST, e.g. mapping even — 0
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and odd — 1, or even — 0,2,4,6,8 and odd — 1,3,5,7,9). As shown in Figure 6.1, by
using the same data as SFT, and assuming that the true reward function is unknown, we
are able to learn a reward function through our framework, achieving a similar reduction
in catastrophic forgetting as the RL oracle variant, which has access to the optimal par-
ity reward. These observations motivate our approach: we propose a general framework
that interprets data signals as reward functions, thereby also enabling RL methods.

6.3.2 Problem setup

Let (2, F,P) be a probability space, and let X : @ — X and Y : 2 — Y be two random
variables, with X C R™ and ) C R", where (n,m) € N2. Consider a maximum likeli-
hood estimation problem where we observe N iid realizations D = {(x;,y:)}, from a
fixed unknown distribution over X x ). The goal is to model the conditional distribution
Y|X ~ q using a parametric model Y|X ~ f where § € © := R% are parameters span-
ning a finite dimensional space with dimension dy. In the MLE formalism, we optimize
the parameters ¢ by maximizing the log-likelihood:

0" = ar% Igax ExEy|x~q[log pe(Y|X)]. (MLE)

S
A parallel approach, based on reinforcement learning, consists in maximizing a reward
function r : Y x ) — R that evaluates the quality of generated y against the true ob-
servations y, resulting in the Policy Gradient (PG) objective. Here we state the entropy-

regularized PG objective, a variant that is commonly considered in RL algorithms [ Haa+17;
Haa+18a; Wen+24]:

0" = arg max ExTy xq By, [TV, V)] + AH ()] (PG)
where A > 0 is a parameter controlling the strength of the regularization, and H denotes
the entropy.

In this work, we ask whether the reward function itself can be seen as an optimization
variable r over a Hilbert space H. The optimal reward function is then determined based
on the MLE objective, which now represents the outer-level of the following bilevel op-
timization problem:
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Definition 6.3.1 (Bilevel Optimization problem).

o = arg max ExEyx.q [E?‘ Xopy [TV Y] + AH(pg)}
€

6.3.3 Reward Modeling Framework

Given the definition of a reward function as evaluating the quality of generative samples
y against true labels y, we assume that a valid reward has to be maximal in y: y €
maxy 7(y,y). Therefore, we naturally define the reward function as a negative quadratic
form of the difference between generative samples and true labels:

Definition 6.3.2 (Reward model). Let U € S;7+(R), we define the reward model as the follow-
ing quadratic form: V(y,y) € R" x R*, ry(¥,y) = —(F —y)TUF —y).

The matrix U represents the reward parameters we will attempt to optimize over when
solving Equation (Bi-O). In the case of complex data modalities such as images or text,
we define a modified version where the reward measures distances in a precomputed
embedding space:

Definition 6.3.3 (Embedding reward model). Let U € S§T(R) and an embedding model
e: Y — RY we define the embedding reward model as the following quadratic form in the R¢ space:
V(y,y) € R" x R",

ru(§,y) = —(e(¥) — e(¥)"U(e(¥) - e(y))-

In the next section We will theoretically analyze the closed form optimal parametrization
U* in the Gaussian case.

6.4 Theoretical analysis

6.4.1 The Gaussian case

We start our analysis by stating the following assumption on the data generating distri-
bution:
Assumption 6.4.1 (Gaussian linear model). We assume that both the true conditional density
q and the model density py are Gaussian distributions with linear mean functions and fixed covariance
matrices:

Y| X ~qg:=NAX,Y), Y |X~ps:=N(AX,B),

113



where A € R™", ¥ € SFH(R)!, and 0 := (A, B) € © := R"™" x SF+(R).

We now state the main results, showcasing closed-form solutions of the Bi-O problem,
along with a follow-up corollary showing the isotropic case.

Proposition 6.4.1 (Closed-form solution). Under assumption 6.4.1 and definition 6.3.2, the
Bi-O problem

U* = argmax ExEy x4 [logﬁaG(Y]X)} s.t.
UeSTT(R)

*x N . A~
0 = argmax ExBy x~q [EYl g [TUV V)] + XH9) |

has exactly one solution that writes:

U* = 2% 1,

o[>~

The proof of proposition 6.4.1 is deferred to Section E.4.1.

Corollary 6.4.1 (Isotropic case). For B = o21,,, the set of solutions of Bi-O is:

U*eF)y:= {U € ST (R) ' Tr(U) = 2%7(;)} :

Note that, for any given A > 0,3 € S/ *(R), F.x # & since 2TAF’E‘Z)In € F,x which

corresponds to reward functions we consider for the empirical experiments on synthetic
data in Section 6.5.1.

Interpretation as Mahalanobis distance. We observe that the optimal reward function
is characterized by a matrix U* € S} *(R) that is inversely proportional to the covariance
matrix of the data-generating process. With this choice, the reward admits a clear inter-
pretation as the negative squared Mahalanobis distance [ Mah36], which can be seen as
the Euclidean distance between vectors after applying the linear transformation U,
This perspective suggests that, in practice, the noisier the data, the less strongly the
model should be penalized for deviations from samples. Finally, the scaling by \ serves
to balance the two competing optimization objectives, reward maximization and entropy
regularization.

Interpretation as reverse KL minimization. An interesting observation arises when
substituting the optimal reward parametrization U* into the inner-level objective: the
PG formulation becomes equivalent to minimizing the reverse Kullback-Leibler (KL)

'We denote by S/ (RR) the set of real symmetric positive definite n x n matrices.
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divergence between the model distribution py and the data-generating distribution g.
This connection (also established in [Swa+25]), provides an explanation for the empir-
ical results presented in the next section. We therefore state it as a corollary, with the
proof deferred to Section E.4.3:

Corollary 6.4.2. Under the assumptions of proposition 6.4.1, the optimal parameters 07, obtained
from the lower-level problem with U* = %E_l minimize the reverse KL divergence between pgy and q:

0f. = arg IginEX [drcr (Po(-]X) I g(-]X))] -
€

In contrast to the previous analysis, where we assumed access to the data-generating
distribution and provided a closed-form solution to problem Bi-O, real-world applica-
tions typically do not satisfy such assumptions. Consequently, solving the bilevel opti-
mization problem Bi-O by directly optimizing the outer objective offers a more general
approach applicable to a broader class of problems.

Bilevel optimization solvers can generally be divided into three categories. Explicit gra-
dient methods treat the gradient update as a differentiable mapping and backpropagate
through the unrolled optimization path of the inner-level problem [Fra+17]. Gradient-
free methods instead rely on evolutionary strategies, optimizing the outer objective while
considering the inner problem as a black-box function [Son+20; Fen+21]. Finally, im-
plicit differentiation methods leverage the implicit function theorem to reformulate gra-
dient estimation as the solution to a linear system [Dag+24; PMA24].

In this work, we focus on implicit differentiation, as explicit gradient methods often en-
counter memory issues from storing long computational graphs, while gradient-free ap-
proaches are generally limited by the curse of dimensionality. We provide a detailed
review of bilevel optimization solvers in Section E.1.

6.4.2 Implicit differentiation

Consider this time a general reward parametrization r, with ¢ € ® := R%, where d,,
denotes the dimension of the reward parameter space. The optimization of the outer-
level problem can thus be restricted to the Hilbert space of reward functions spanned
by parameters ¢ € ®. Within this setup, implicit differentiation treats the solution of
the inner problem, 6%, as an implicit function of ¢ and allows one to compute the best-
response derivatives V,0*(¢) analytically via the implicit function theorem.

To proceed, we define an operator f : ® x © — © := R% whose roots characterize
the inner-level optimal solution #*(¢). That is, for all ¢ € ®, we have (¢, 6*(¢)) = 0.
Leveraging this property, the derivative of interest V;6*(¢) can be determined by solving
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Figure 6.2: Synthetic data experiment. The PG loss when paired with the optimal re-
ward function matches the NLL-trained baseline in terms of NLL (left panel), all while
having faster convergence in terms of moment matching (center and right panels for the
mean and variance, respectively).

for V4f(¢, 6*(¢)) = 0:

Vo ed, Vof(9,07(9)) Vb (9) + Vo f(0,67(9)) = 0, (6.1)

where V40*(¢) is obtained by solving the linear system in Eq. (6.1), enabling gradient
descent on the outer problem via the chain rule.

In our bilevel optimization formulation, the operator f arises naturally from the fixed-
point characterization of the gradient update: f(¢,6) = aVyLin(¢, ) where L, is the
inner-level objective and « is a learning rate. Under this definition, the first-order opti-
mality condition holds whenever the inner-level optimization converges to a local min-
imum 6*(¢) where the gradient vanishes. We assume that this is a plausible hypothesis
given any modern stochastic optimizer (e.g. Adam [KB17]).

6.5 Experimental results

6.5.1 Synthetic data

In this section, we empirically evaluate the theoretical results from Section 6.4.1. To this
end, we generate synthetic data that satisfy assumption 6.4.1: D = {(x;,y;)}Y,, where
x; ~ U([—5,5]") (U denotes the uniform distribution), and y; ~ ¢(.|x;) := N(Ax;,Y)
with diagonal covariance matrix ¥ = °I, and f# > 0. For the model py, we relax
the linearity and homoscedasticity assumptions by considering a neural network that
parametrizes a Gaussian distribution, in which both the mean function and the diago-
nal covariance matrix depend on the input: py(.|x;) := N (ue(x;), 03(x;)1,,). We compare
baselines trained with the negative log-likelihood (NLL) and mean squared error (MSE)
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Figure 6.3: Implicit differentiation solver on synthetic data experiment. From left to
right: -a- outer loss (NLL), -b- inner reward optimization loop, -c- trajectory of the re-
ward parameter u, -d- gradient of the outer loss with respect to u, -e- the outer loss
landscape.

losses against PG variants (specifically based on the REINFORCE algorithm), using ei-
ther a negative squared distance reward U = I,, or the optimal reward function derived

in corollary 6.4.1 with U* = 315 1,.

The closed form solution. Figure 6.2 shows how the validation NLL and moment-
matching errors (mean and covariance) change over training. Consistent with theory, we
observe that adjusting the reward function with the optimal matrix U* yields a learning
curve nearly identical to the NLL baseline (yellow and red curves in the left panel of
Figure 6.2). Moreover, the PG variant with the optimal matrix converges faster than the
NLL baseline in matching the moments of the data-generating distribution (center and
right panel). Finally, we note that the vanilla PG method (with U = I,,) suffers from a
diverging NLL due to the variance shrinking to zero for some values of A which leads to
numerical instabilities.

epoch O epoch 5 epoch 20 epoch 40 epoch 50
|| o g €
L% . T Mg e o
fo ®oq
Initial «+  Target NLL PG(U ")

Figure 6.4: The learned distribution dynamics for a single training example. While
NLL initially expands variance to cover the target (mass-covering), PG maintains a com-
pact shape and shift directly toward the target mode (mode-seeking).
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To illustrate the training dynamics, Figure 6.4 tracks the evolution of the learned distri-
bution for a single data point across training epochs. The PG variant with the optimal
reward shows a direct and stable convergence toward the target mode. In contrast, the
NLL baseline initially over-disperses before gradually contracting to match the target
distribution. This difference is consistent with corollary 6.4.2: minimizing dx, (Py || ¢)
induces mode-seeking behavior, encouraging the learned distribution to concentrate on
the dominant mode of q.

Implicit differentiation solvers. To evaluate implicit differentiation-based bilevel solvers
using the same synthetic data, we use TorchOpt [Ren+23], a python package that en-
ables differentiable optimization solvers that can be integrated with Pytorch [Pas+19]
neural network implementations. More specifically, we run the implicit differentiation-
based solvers using the Conjugate Gradient algorithm for the linear system resolution,
as in [Raj+19].

Figure 6.3 presents the results of running an implicit differentiation solver for 100 outer
iterations, each with 50 inner iterations, and a learning rate of 10~ for both optimization
loops. The outer optimization variable is a single parameter (panel -c-) initialized at 1,
which defines the diagonal Mahalanobis matrix for the reward: u > 0st. U = u - I,.
Panel -a- illustrates the evolution of the outer loss (NLL evaluated on the optimal pol-
icy from the inner PG loop), showing clear improvement relative to the initialization
at 1 (which corresponds to the Euclidean distance). Additionally, the optimization pa-
rameter u converges to a value close to the theoretical optimum u* = ﬁ?z), as derived
in corollary 6.4.1. This convergence is further supported by panel -e-, which plots the
outer loss landscape as a function of the reward parameter u, revealing a roughly convex
landscape with a global minimum near the theoretical optimum. These results validate
our intuition from the tractable case discussed in Section 6.4, even in the more general
setting of stochastic optimization solvers within the implicit differentiation framework.

Beyond synthetic data. For the remainder of the chapter, our goal is to leverage the
intuition gained from the previous analysis to derive practical algorithms that we can
validate on LLM finetuning and other MLE tasks. For this, we build on the theoret-
ical analysis in Section 6.4.1 to suggest a realistic way to estimate the optimal reward
parametrization U*. The main challenge with this approach lies in estimating the co-
variance matrix-dependent term. As stated in Algorithm 17, we propose an approximate
approach that estimates an empirical covariance matrix 3. from the training data. In the
following, we use Algorithm 17 to benchmark our framework against vanilla PG and
MLE in three real-world applications: LLM finetuning, tabular classification, and model-
based reinforcement learning. Note that, in the experiments, we are effectively solving
the inner-level problem of the Bi-O formulation, while substituting the reward function
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Figure 6.5: Qwen3 fine-tuning using GRPO on the Countdown task. Using our em-
bedding reward models with either Uj, or I, as parameters, and EmbeddingGemma as em-
bedding model, we are able to achieve the same levels of accuracy as the oracle method
that uses the true reward.

either with the optimal matrix U}, or with the identity I,, for the squared-distance base-
line.

Algorithm 17 PG/GRPO(Uz,) - heuristic

Input: Data D = {(x;,y:)},, model py, A\, e : J — R?
1. Estimate cov matrix 3 = cov({e(y:)}¥,)

2. loss + PG/GRPO(Uz, (), 2))

3. train_policy(py, D, loss,e)

Return: learned model py-

6.5.2 LLM fine-tuning

As discussed in the motivation section, fine-tuning large models is the setting in which
our method is expected to have the greatest impact. In the case of LLMs, we substi-
tute the standard policy gradient approach with the Group-Relative Policy Optimization
(GRPO) algorithm [Sha+24], which is specifically designed for LLMs and has demon-
strated strong performance across a range of environments. The reward model is con-
structed using the embedding reward formulation (definition 6.3.3), where the embed-
ding functione : Y — R? can be instantiated with any text embedding model, such as
RoBERTa [Liu+20]. All the implementation details are included in Section E.2.

We focus on the Countdown task, in which an LLM must identify the correct algebraic
operations applied to a given set of numbers (e.g., nums = [93,78,46], target = 61,
with the expected solution being 93 — (78 — 46) = 61). For this purpose, we rely on
the HuggingFaceTB/Countdown-Task-GOLD dataset, which comprises 30k samples of an-
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notated questions and answers, along with their corresponding reasoning traces: e.g.
“<think> To solve this, I need to use the numbers 78, 46, and 93 to create an equation
that equals 61. I'll start by [...] </think><answer>93 - (78 - 46) = 61</answer>". The
oracle reward function for the Countdown task is defined as a binary signal, assigning
a reward of 1 to correct equations that use all the required numbers, and 0 otherwise.

Figure 6.5 reports the performance of several checkpoints extracted from training runs of
400 steps, evaluated on a held-out test set of 10k questions. We find that experiments us-
ing GRPO with our embedding-based reward function achieve performance comparable
to that of the GRPO oracle baseline, which has access to the true reward. These results
suggest that the proposed reward parametrization provides sufficient learning signal to
fine-tune LLMs solely from annotated data, thereby extending the applicability of RL
fine-tuning beyond strictly verifiable tasks.
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Figure 6.6: Ablation. For Qwen3-0.6B, the optimal performance is observed using the
EmbeddingGemma embedding model, and only the final answer when computing rewards.

Ablation studies. First, we note from Figure 6.5 that the performance of our approach
remains stable across different model sizes, indicating robustness with respect to the ini-
tial capability of the base model. In addition, we perform an ablation study examining
the impact of the embedding model, as illustrated in the left panel of Figure 6.6. We
observe that the choice of the embedding model is indeed important as EmbeddingGemma
and RoBERTa show the best performance compared to the less capable MiniLM-v6 model.
Finally, we investigate whether the embedding reward function should be computed
using the Full output or only the Final answer in the right panel of Figure 6.6. We
conclude that our reward modeling framework strongly benefits from computing the re-
ward only on the final answer, highlighting the importance of a structured output when
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computing distances in the embedding space.

6.5.3 Tabular data

To further validate our findings, we will attempt the more ambitious quest of pretraining
models using RL, focusing specifically on tabular data applications.

Classification. We evaluate our framework on two tabular classification datasets from
the UCI repository [ Wan23]. Specifically, we train a multiclass logistic regression model
with PG (specifically Reinforce), where the reward is defined as an embedding reward
model (definition 6.3.3) where e : Y — R? is the one-hot encoding of the predicted and
true label. Table 6.1 summarizes the accuracy and AUC results across the considered
datasets. On the binary imbalanced Credit default dataset, the accuracy is high across
all methods but AUC reveals that PG(U;,) better separates classes. The Poker dataset
remains challenging for all methods, yet PG(U;,) still provides the best performance.

Dataset Method Accuracy,io-2+auc/10-2 1)

NLL 79.8 + .012 (705 + .005)
Credit default PG(In) 75.5 £ .023 (57.7 £ .632)
PG(Ut,) 82.0 + .001 r1s+ oo

NLL 48.6 £+ .001 a)
Poker PG(I,) 38.2 £ .039 o)
PG( ﬁe) 52.4 £+ .001 na

Table 6.1: Tabular classification results.

Regression. We study a dynamics modeling problem within a model-based reinforce-
ment learning setting. The objective is to predict the next state s,;; € R% from the cur-
rent state-action pair (s, a;) € R% "9, where t denotes the interaction timestep. Given a
dataset D = (s, al, s! +1)£\;o' the dynamics model is commonly formulated as a Gaussian
probabilistic predictor trained via MLE [Chu+18; Jan+19]. This standard formulation
naturally fits our framework by directly applying the no-embedding reward model (def-
inition 6.3.2) in the state space. Table 6.2 summarizes the average MSE and NLL over
three HalfCheetah tasks (see Section E.3 for implementation details). As anticipated,
models optimized for NLL achieve the best NLL scores. Nonetheless, in line with the
synthetic experiments in Section 6.5.1, the PG objective with the optimal reward heuris-
tic PG(U;,) yields substantial NLL gains over PG with the negative squared-distance
reward PG(I,). Furthermore, the reward learned via implicit differentiation, PG(U7,, ),
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attains the second-best NLL while also achieving the best MSE, a desirable trade-off in
MBRL settings, particularly when the learned dynamics are used for deterministic plan-
ning.

Task Method 1\/[5]:‘.5/10*2 1 NLL/lo*2 1
NLL 74+3  56+1
PG(I,)  205+3 581 +37

HalfCheetah ooy 34 +1 28141
PG(U;,) 199+1  216+2

Table 6.2: MBRL experiment. The PG loss with optimal reward comes second to the
NLL baseline in terms of NLL, and ranks first in terms of MSE.

6.6 Conclusion

This chapter studied how to learn reward functions that, when plugged in policy gradi-
ent algorithms, induce models that are optimal in the maximum likelihood sense with
respect to observed data. We introduced a bilevel optimization framework and derived
closed-form solutions under specific assumptions on the reward parametrization and the
data-generating process. We then demonstrated the practical relevance of the approach
across several settings, including LLM fine-tuning, tabular classification, and dynamics
modeling. In particular, for LLM fine-tuning, we showed that GRPO combined with re-
wards learned through our framework achieves test performance comparable to GRPO
using the true task reward.

Limitations & Future Work. The reward parametrization considered in this study is
intentionally simple, which may limit expressiveness in more complex tasks. An inter-
esting direction for future work is to extend the framework to richer classes of paramet-
ric reward functions while preserving theoretical guarantees. In addition, although we
evaluated the method on both synthetic data and real-world problems, larger-scale ex-
periments would help further characterize its behavior. Notably, our LLM experiments
focus on a verifiable task where an oracle reward is available for comparison. A natural
extension is to investigate non-verifiable tasks, where such rewards are unavailable, and
to compare SFT with RL driven by rewards learned within our framework. We view
these directions as promising avenues for future exploration.
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Chapter

Conclusions and Perspectives

ticular focus on its interaction with modern Foundation Models. By consider-

ing the supervised task of learning dynamics models that mimic Reinforcement
Learning environments, we examined this problem from multiple complementary per-
spectives. Throughout the thesis, we introduced methodological contributions that en-
hance dynamics models and facilitate their seamless integration with modern Founda-
tion Models, including Large Language Models and Time Series Foundation Models.
Moreover, we complemented our empirical studies with theoretical analyses in simpli-
fied settings, demonstrating that insights derived from theory translated into practical
improvements at scale. Finally, we released open-source implementations accompany-
ing each chapter to ensure reproducibility and to foster adoption and subsequent re-
search.

THIS dissertation has investigated Model-based Reinforcement Learning, with a par-

Summary of Contributions

Chapter 3. Setting the floor for the MBRL and FMs integration, we started by examin-
ing the problem of long-horizon prediction in learned dynamics models in Chapter 3.
We revisit the objective mismatch paradox induced by standard one-step losses in MBRL,
and establish that directly optimizing multi-step losses provides a principled way to im-
prove long-horizon prediction quality. In a controlled linear setting, closed-form solu-
tions are derived to characterize the bias—variance trade-offs induced by different weight-
ing schemes, offering theoretical insight into when multi-step objectives are beneficial.
Empirical results confirm that emphasizing multi-step accuracy substantially reduces
long-term prediction error, while clarifying the nuanced relationship between predic-
tive error and final return.
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Chapter 4. This chapter reframes dynamics modeling as an in-context learning prob-
lem, thereby enabling the zero-shot integration of pre-trained LLMs into the MBRL
pipeline. A latent projection mechanism is introduced to encode multidimensional state
and action trajectories into linearly uncorrelated representations, resolving challenges
raised by structured MBRL data and text-based sequence models. The resulting frame-
work (DICL) demonstrates that large pre-trained sequence models can serve as general-
purpose world models without task-specific training. We further provide a theoretical
analysis characterizing the return gap induced by such framework. Empirically, we show
improved sample efficiency in a data-augmented off-policy RL setup, together with cal-
ibrated uncertainty estimates using the LLM-based dynamics model.

Chapter 5. This chapter addresses the structural limitation of univariate TSFMs when
applied to multivariate probabilistic forecasting, a setup closely related to MBRL data.
It proposes a family of learnable encoder and decoder adapters that extend pre-trained
univariate models to capture cross-dimensional dependencies while preserving their
pre-trained representations. By incorporating stochasticity into the encoder, the frame-
work further enables probabilistic forecasting for otherwise deterministic TSFMs. A the-
oretical analysis of linear adapters clarifies their expressiveness, showing that a linear
adapter that improves the prediction error always exists. Finally, our experimental re-
sults demonstrated consistent gains in multivariate forecasting accuracy and uncertainty
modeling compared to independent per-dimension application.

Chapter 6. This chapter broadens the scope of RL by introducing a framework for
learning implicit reward functions from supervised data through bilevel optimization.
Maximum likelihood estimation is reformulated as a bilevel problem in which reward
parameters are optimized in the outer loop while the inner loop corresponds to a stan-
dard RL objective. A class of reward functions based on a negative Mahalanobis dis-
tance in an embedding space is analyzed theoretically in the Gaussian linear case, yield-
ing closed-form solutions and geometric interpretations. Furthermore, we addressed
more general settings through implicit differentiation-based solvers. Empirical valida-
tion shows that the learned rewards can substitute explicit verifiers in an LLM reasoning
task, and can also support tabular regression and classification objectives, illustrating
how reward learning can bridge supervised learning and RL within a unified frame-
work.

Future work

Properties of the multi-step loss. Although we have demonstrated that the multi-step
loss enhances long-horizon prediction, a more thorough analysis of its properties and
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of optimal weighting strategies remains an open problem. In particular, the smoothness
of the induced dynamics model and its consequences for planning algorithms consti-
tute a compelling direction for future research. Specifically, a variant of the simulation
lemma established by [AML18] shows that the return gap is upper bounded by a form
of multi-step loss that can also be expressed in terms of the Lipschitz constant of the dy-
namics model. This observation indicates that multi-step losses may implicitly promote
smoother dynamics models, potentially resulting in improved planning performance.
Moreover, it has been shown that a probabilistic ensemble is unnecessary when a Lips-
chitz regularization is imposed on the learned value function [ Zhe+23]. Together, these
results further emphasize that regularity conditions of the learned dynamics model are
central to the performance of MBRL algorithms, and that multi-step losses may provide
a promising mechanism for enforcing such regularity.

Applying Time Series Foundation Models to MBRL data. A promising direction for
future work consists in positioning dynamics modeling in MBRL as a systematic testbed
for TSFMs. In this setting, state trajectories collected from benchmark environments
(e.g., HalfCheetah) can be framed as forecasting problem, where past states serve as con-
text and control signals (actions) are incorporated as covariates. In particular, both past
and future actions could be provided as exogenous inputs, enabling a principled com-
parison between purely autoregressive forecasting and action-conditioned prediction.
Such a study would evaluate zero-shot performance of recent TSFMs (e.g., Chronos2
[Ans+25]) on multi-step mean prediction error, while also assessing probabilistic met-
rics such as calibration for probabilistic TSFMs. Beyond benchmarking, this line of re-
search would shed light on the specific challenges posed by MBRL data, namely mul-
tivariate structure, non-stationarity induced by evolving policies, and the presence of
control covariates.

Extending reward models developed in Chapter 6 to non-verifiable tasks. The frame-
work proposed in Chapter 6 makes it possible to learn reward functions from supervised
data, thereby enabling the use of RL in scenarios where explicit reward design is imprac-
tical. Within an LLM fine-tuning setting, it was validated on a reasoning task for which
a ground-truth reward function is available. This configuration was selected to allow a
direct comparison between the learned reward and the explicit verifier. However, ap-
plying the framework to tasks lacking an explicit reward signal, such as machine trans-
lation or creative writing, would constitute a natural and important extension. In ad-
dition, the mitigation of catastrophic forgetting observed in the Mnist experiment (Fig-
ure 6.1) remains to be validated in an LLM fine-tuning context. In such a setting, catas-
trophic forgetting would be assessed by evaluating the fine-tuned models on general
LLMs benchmarks and comparing their performance to that of the original pre-trained
models. Demonstrating that the learned reward mitigates catastrophic forgetting in this
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scenario would further highlight the potential of our contribution as a unifying frame-
work bridging SFT and RL.

Concluding remarks

In summary, this dissertation has advanced Model-based Reinforcement Learning by
systematically bridging it with modern Foundation Models, unifying perspectives from
supervised learning, sequence modeling, forecasting, and bilevel optimization. Across
chapters, we have shown that carefully revisiting objectives, representations, and opti-
mization principles yields both theoretical insights and practical algorithms. By ground-
ing empirical improvements in analytical insights, we aimed to demonstrate that princi-
pled modeling choices remain central to progress in ML research.

More broadly, this work positions dynamics and reward modeling as a fertile interface
between Reinforcement Learning and Foundation Models, where ideas can flow bidirec-
tionally: RL offers structured decision-making problems that put general-purpose mod-
els to the test, while Foundation Models provide expressive priors and scalable architec-
tures that reshape classical RL pipelines. We hope that the methodological frameworks,
analyses, and open-source implementations presented here contribute to a deeper inte-
gration of these fields and inspire further research toward more general, data-efficient,
and reliable decision-making systems.
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|Appendix A

Résumé détaillé en Francais

Apprentissage par renforcement basé sur des modeles a

I’ére des modeéles de fondation
Abdelhakim Benechehab

L'apprentissage par renforcement (RL) fournit un cadre général pour la prise de dé-
cision séquentielle, permettant a des agents d’apprendre par interaction avec un envi-
ronnement. Malgré des succes dans des domaines tels que les jeux et la robotique, son
déploiement dans des contextes réels demeure difficile, notamment en raison d"une ef-
ficacité limitée en termes d’échantillons.

L'apprentissage par renforcement basé sur des modeles (MBRL) répond en partie a ce
probleme en apprenant un modeéle de la dynamique de I’environnement afin de planifier,
réduisant ainsi les interactions cotiteuses. Cependant, les modéles appris introduisent
de nouveaux défis, notamment 1’accumulation d’erreurs et le décalage entre les objectifs
du modele et de la politique.

Parallelement, ’apprentissage automatique a évolué vers les modeles de fondation (FM),
des modeles pré-entrainés a grande échelle qui apprennent des représentations trans-
térables a partir de jeux de données massifs. Initialement développés pour le traitement
automatique du langage naturel, ils émergent désormais dans des domaines tels que la
modélisation de séries temporelles, soulevant des questions quant a leur réle en appren-
tissage par renforcement.

Cette these étudie comment l'intégration de modeéles de fondation peut renforcer le
MBRL.
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A.1 Résumé du chapitre 3

A.1.1 Introduction

Ce chapitre, basé sur larticle intitulé A Multi-step Loss Function for Robust Learning of the
Dynamics in Model-based Reinforcement Learning, s'inscrit dans le cadre de 'apprentissage

par renforcement basé sur un modeéle (Model-Based Reinforcement Learning, MBRL). Dans

ce paradigme, I’agent apprend explicitement un modele des dynamiques del’environnement,
c’est-a-dire une approximation de la transition s;.; ~ p(- | s¢, @), afin de planifier ou
d’améliorer sa politique.

Un probléme central du MBRL réside dans I’erreur de modélisation. Lorsque le modele
appris est utilisé de maniére itérative pour prédire plusieurs pas de temps dans le futur,
les erreurs a un pas se propagent et peuvent croitre de maniere significative. Cette accu-
mulation d’erreurs dégrade fortement la performance en planification, méme si l'erreur
de prédiction a un pas est faible.

On propose donc une nouvelle fonction de perte multi-pas visant a améliorer la ro-
bustesse de I'apprentissage des dynamiques, en prenant explicitement en compte l'effet
cumulatif des erreurs de prédiction. L'idée principale est de remplacer (ou compléter)
la perte classique a un pas par une perte intégrant des prédictions sur plusieurs horizons
temporels.

A.1.2 Contexte et motivation

Dans le cadre standard, on apprend un modele paramétrique fj tel que 5,11 = fo(st, ar),
en minimisant une perte de type erreur quadratique moyenne :

»Cl-step(e) - E(Styat75t+1) [‘fG(Sta at) - St+1|2} :

Cette approche optimise uniquement la qualité de la prédiction a un pas. Or, en planifi-
cation, le modéle est utilisé récursivement :

Sevk = fo(Stk—1, Qtrr—1),

ce qui introduit une dépendance forte aux erreurs précédentes.

Des travaux antérieurs ont étudié la propagation d’erreur et la stabilité des modeles dy-
namiques [ AGNO05; Tal14; Tall7; VHB15b]. Cependant, beaucoup de méthodes contin-
uent d’optimiser uniquement une perte locale a un pas.
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A.1.3 Fonction de perte multi-pas proposée

On introduit une perte multi-step de la forme :

K

ﬁK-step<9) =E Z Wy * ‘§t+k - 5t+k|2 )
k=1

® 5., est obtenu par déroulement récursif du modele,
® s, est 1’état réel observé,
e w; sont des poids éventuellement décroissants,

e K est I’horizon multi-pas considéré.

De part cette définition, la perte proposée peut étre vue comme une forme de régular-
isation structurelle qui intégre implicitement une contrainte de cohérence temporelle.
Ainsi, au lieu d’optimiser uniquement la prédiction immédiate, on contraint le modele
a produire des trajectoires cohérentes sur un horizon étendu. La procédure de calcul
de la perte multi-pas est différentiable de bout en bout, ce qui permet 1'utilisation de la
rétropropagation a travers le déroulement temporel (similaire a Backpropagation Through
Time). Le colt computationnel augmente linéairement avec /K, mais reste compatible
avec les pratiques standards en deep learning.

A.1.4 Résultats expérimentaux

Les expériences sont conduites sur plusieurs environnements continus classiques en ap-
prentissage par renforcement [Bro+16; Tas+18; TET12].

Les principaux résultats empiriques sont les suivants :

e La perte multi-pas améliore significativement la qualité des trajectoires simulées a
horizon long.

e Les modéles entrainés avec la perte proposée présentent une erreur cumulative
plus faible surtout en cas de bruit Gaussian dans les données d’entrainement.

e En planification (via MPC ou autre méthode), les performances finales en termes
de récompense sont mitigées, et legérement supérieures a celles obtenues avec une
perte a un pas.

e Les résultats montrent également une meilleure robustesse face aux perturbations
et aux erreurs de distribution entre données d’entrainement et états visités lors de
la planification.
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A.1.5 Conclusion

Le chapitre propose une contribution simple mais conceptuellement forte : remplacer
la perte standard a un pas par une perte multi-pas afin d’améliorer la robustesse des
modeéles dynamiques en MBRL. Cette modification aligne I'objectif d’apprentissage avec
'usage réel du modele en planification, réduisant ainsi 1’écart entre performance super-
visée et performance en contrdle. Empiriquement, elle améliore de maniere consistante
les performances sur plusieurs environnements a espace d’états continu. En résumé,
cette approche constitue une avancée méthodologique pertinente pour le MBRL, en met-
tant en évidence I'importance du choix de la fonction de perte dans I'apprentissage des
dynamiques.

Limitations potentielles. Cependant, certains compromis apparaissent: 1) Cotlit com-
putationnel plus élevé pour de grands horizons K. 2) Sensibilité possible au choix des
poids wy. 3) Risque d’optimisation plus difficile en raison de gradients a travers de
longues chaines de prédiction. De plus, le choix de I'horizon K introduit un hyper-
parametre supplémentaire, dont1l'impact dépend probablement de la nature del’environnement.

A.2 Résumé du chapitre 4

A.2.1 Introduction et Problématique

L'émergence des capacités "zero-shot" des modeles de langage a large échelle (LLM)
a révolutionné le traitement du langage naturel, mais leur application a d’autres do-
maines, notamment le contréle continu en apprentissage par renforcement (RL), reste
un défi majeur. Ce chapitre explore la capacité des LLM pré-entrainés a prédire, en con-
texte, la dynamique de processus de décision Markoviens (MDP) continus. L'idée cen-
trale repose sur l'apprentissage en contexte (In-Context Learning ou ICL), ot1 le modéle
apprend a réaliser une tache a partir d’exemples fournis dans son prompt, sans mise a
jour de ses poids par gradient. Cependant, ’application directe des LLM aux trajectoires
de RL se heurte a deux obstacles : la gestion de données multivariées interdépendantes
et 'intégration efficace des signaux de controle (actions). Pour y répondre, nous intro-
duisons le framework DICL (Disentangled In-Context Learning).

A.2.2 Cadre Méthodologique

Motivation. Une analyse préliminaire des mécanismes d’attention (notamment sur le
modele Llama 3-8B) révele que les LLM sont naturellement sensibles aux motifs tem-
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porels, comme les signaux périodiques ou les constantes par morceaux. Dans des envi-
ronnements de RL comme HalfCheetah, les tokens appartenant a des motifs répétitifs
(pics de signaux) s’attendent mutuellement a travers les cycles, ce qui suggere une ca-
pacité intrinseque a modéliser des dynamiques récurrentes.

Formalism. Le probléme est défini par une trajectoire initiale 7" = (so, ag, 71, S1, ..., "7—1, S7-1)
de longueur T'. Lobjectif est de prédire les transitions futures (sg.s, 7745) de maniére
autorégressive. Le cadre DICL repose sur trois étapes clés :

e Transformation del’espace des caractéristiques () : On utilise '’Analyse en Com-
posantes Principales (PCA) pour projeter les vecteurs d’état et d’action dans un
espace latent ol les dimensions sont linéairement décorrélées (désentrelacées).

e Prédiction par LLM : Chaque composante désentrelacée est traitée indépendam-
ment comme une série temporelle univariée. Le LLM effectue une prédiction zero-
shot en utilisant une tokenisation numérique spécifique.

¢ Transformation inverse (¢~ ') : Les prédictions sont projetées a nouveau dans
'espace original de la trajectoire.

Deux variantes sont proposées : DICL-(s), qui transforme uniquement les états, et DICL-
(s, a), qui integre les actions dans la transformation. L'utilisation de la PCA permet non
seulement de respecter I'’hypothese d'indépendance des caractéristiques nécessaire aux
prédicteurs univariés, mais aussi de réduire la dimensionnalité, accélérant ainsi le temps
de calcul sans perte significative de performance.

A.2.3 Analyse Théorique

Pour garantir l'efficacité de l'utilisation d’'un LLM comme modéle de dynamique, nous
analysons le rendement sous un schéma de déroulements a branches multiples (multi-
branch rollouts). Soit 7" la longueur minimale du contexte. Pour ¢t > T, le systéme
bascule avec une probabilité p vers la dynamique apprise par le LLM (Py,,) pour k
étapes, sinon il suit la dynamique réelle P. En supposant que l'erreur de généralisa-
tion de I"apprentissage en contexte est bornée par ¢;,,,(71"), I’écart entre le rendement réel
n(r) et le rendement du modele 7}7',.(7) est donné par :

T

m v
|77(7T> - n]l)l,k,T(ﬂ-N < QETmamk2p€llm(T)

ol v est le facteur d’escompte et r,,,, la récompense maximale. Cette borne montre que
l'erreur diminue avec la longueur du contexte T (typiquement en O(T~'/2)) et augmente
avec I'horizon de prédiction £ et la fréquence de branchement p.
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A.2.4 Applications et Résultats Expérimentaux

Les performances de DICL ont été évaluées sur plusieurs environnements de controle
continu (MuJoCo, Gym). Nous intégrons DICL dans I’algorithme Soft Actor-Critic (SAC)
pour améliorer l'efficacité échantillonnale. En générant des transitions synthétiques
précises a partir de trajectoires courtes, DICL-SAC accélere significativement la courbe
d’apprentissage lors des premieres étapes de I'entrailnement, notamment dans les en-
vironnements Pendulum et HalfCheetah. Cependant, une trop grande proportion de
données synthétiques peut dégrader les performances finales, conformément a notre
analyse théorique.

Une propriété remarquable des LLM est leur capacité a fournir des estimations d’incertitude
bien calibrées. En extrayant la distribution de probabilité complete a partir des logits du
modele, nous observons que l'incertitude est plus élevée lorsque le contexte est limité ou
prés des zones de transition brusque. Les tests de Kolmogorov-Smirnov confirment que
les prédictions suivent fidélement les intervalles de confiance théoriques, une propriété
cruciale pour la robustesse des algorithmes de MBRL.

A.2.5 Conclusion

Ce travail démontre que les LLM pré-entrainés peuvent servir de modeles de dynamique
efficaces et "zero-shot" pour le RL continu, a condition de traiter correctement I'interdépendance
des données via le désentrelacement. Bien que la PCA offre un compromis idéal entre
simplicité et performance, I’exploration de transformations non linéaires (comme les
auto-encodeurs) constitue une perspective prometteuse. De plus, I'intégration de con-

textes textuels pourrait encore améliorer la précision des prédictions. Néanmoins, le

cotit computationnel des appels répétés au LLM reste un verrou technologique a lever

pour une application a grande échelle.

A.3 Résumé du chapitre 5

Ce chapitre est dédié a l'extension des modéles de fondation (FMs) de séries temporelles,
initialement congus pour des contextes univariés, vers des applications multivariées et
probabilistes. Les travaux présentés ici introduisent le framework AdaPTS (du papier:
Adapting Univariate Foundation Models to Probabilistic Multivariate Time Series Fore-
casting).
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A.3.1 Introduction et Motivation

La prévision des séries temporelles est un pilier de 'apprentissage automatique, essen-
tiel pour anticiper les tendances futures a partir de motifs historiques. Cependant, deux
défis majeurs persistent dans les applications réelles : la nature souvent multivariée des
données, impliquant des dépendances complexes entre plusieurs caractéristiques, et la
nécessité d’estimer l'incertitude des prévisions pour une gestion des risques efficace.
Bien que des modeles de fondation pré-entrainés tels que Chronos [ Ans+24; Ans+25],
Moirai [Liu+24d] ou Moment [Gos+24] aient démontré des performances exception-
nelles, ils sont majoritairement optimisés pour des taches univariées pour des raisons de
tractabilité computationnelle. Le traitement direct des séries multivariées reste cotiteux
en raison de la complexité quadratique liée au nombre de variables. AdaPTS propose
de combler cette lacune en introduisant des adapteurs : des transformations de I’espace
des caractéristiques qui projettent les entrées multivariées dans un espace latent ou le
modeéle de fondation peut étre appliqué indépendamment sur chaque dimension.

A.3.2 Cadre Théorique et Formulation

Définition de ’adapteur. Considérons une tache de prévision multivariée a long terme
définie par une matrice de données X € R*P (ou L est la fenétre contextuelle et D
la dimensionnalité) et une matrice cible Y € R¥*” (H étant I'horizon de prévision).
Lobjectif est d’exploiter un modele de fondation univarié gelé fry, : R — R¥*1 Un
adapteur est défini comme une transformation ¢ : R” — R’ appliquée avant le modeéle.
La prévision finale est obtenue par la transformation inverse:

V(X;50) = ¢ (fru(p(X)))

Pour plus de flexibilité, nous relachons la condition d’inversibilité stricte en utilisant un
encodeur (enc) et un décodeur (dec), tels que Y = dec(fra(enc(X))).

Afin de démontrer I'optimalité de cette approche, une analyse théorique a été menée
sur le cas des adapteurs et modéles de fondation linéaires. Sous certaines hypothéses de
rang et de paramétrisation, la solution fermée pour I'adapteur linéaire optimal W est
donnée par:

* T T
W: = (BTA)"B"B

ol A=Y — Wi, X et B=bpyl". Les expérimentations sur données synthétiques
confirment que cet adapteur optimal surpasse significativement 'identité (traitement in-
dépendant des canaux) et les méthodes basées sur I’Analyse en Composantes Principales
(PCA) seule, particulierement lorsque les données présentent de fortes corrélations.
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A.3.3 Familles d’Adapteurs et Approche Probabiliste

AdaPTS integre plusieurs architectures d’adapteurs, allant des structures déterministes
aux modeles bayésiens.

Auto-encodeurs Déterministes:

o Auto-encodeurs Linéaires (LinearAE) : Ils compressent la série multivariée dans
une représentation de dimension potentiellement réduite D’ < D.

e Auto-encodeurs Profonds non-linéaires : Ils utilisent des réseaux de neurones
profonds pour capturer des relations spatiales complexes avant l’application du
FM.

Adapteurs Probabilistes:

L'innovation majeure de ce chapitre réside dans le traitement bayésien des parametres
des adapteurs pour permettre une quantification de l'incertitude, méme avec des mod-
eles de fondation déterministes comme Moment. L'utilisation d” Auto-encodeurs Vari-
ationnels (VAE) permet de considérer la représentation latente 7 comme stochastique.
L'objectif d’entrainement repose sur une borne inférieure de I'évidence (ELBO):

log po(Y'|X, frar) 2 By zix) [log po(Y(X, fra(2))] — K L(qe(Z]X)|[p(Z))

ol le premier terme correspond a la perte de prévision (généralement 1’erreur quadra-
tique moyenne) et le second est un terme de régularisation via la divergence de Kullback-
Leibler.

Une alternative plus légere consiste a utiliser le Dropout de Monte Carlo, ot1 la stochasticité
est introduite par I'application du dropout durant l'inférence, transformant ainsi des
modeles déterministes en estimateurs probabilistes.

A.3.4 Résultats Expérimentaux et Analyse

Les performances d’AdaPTS ont été évaluées sur quatre jeux de données réels : ETTh1,
ExchangeRate, Weather et Illness. Les résultats démontrent qu’AdaPTS améliore la pré-
cision de prévision du modele Moment dans la majorité des configurations testées. Par
exemple :

e Sur lejeu de données ETTh1 (H = 96), 'adapteur dropout LinearAE réduit I'erreur
quadratique moyenne (MSE) de 8% par rapport au modele de base.

e Sur le jeu de données Illness (H = 24), l'adapteur VAE permet une amélioration
substantielle de 15%, abaissant la MSE de 2,902 a 2,461.
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Réduction de Dimensionnalité. AdaPTSs’avere particulierement efficace pour les con-
figurations a ressources limitées. L'analyse de I'impact du nombre de composantes la-
tentes montre que le cadre peut maintenir, voire surpasser, les performances de base avec
un nombre de variables réduit. Sur le jeu de données Illness, 'adapteur VAE atteint des
performances optimales avec seulement 2 composantes latentes, contre 7 a 14 pour les
autres méthodes.

Robustesse face au Décalage de Distribution. L'étude de l'espace latent révele que
les adapteurs probabilistes, en particulier le VAE, forcent une représentation isotrope
et structurée. Cela permet de mitiger les décalages de distribution entre les données
d’entrainement et de test, améliorant ainsi la généralisation du modéle de fondation sans
nécessiter de réglage fin de ses parametres gelés.

Calibration de 1'Incertitude. L'évaluation de la calibration via des diagrammes de fi-
abilité montre que les prévisions sont raisonnablement bien calibrées pour les horizons
courts. Cependant, on observe une tendance a la sous-estimation de l'incertitude (sur-
confiance) a mesure que 1'horizon de prédiction augmente.

A.3.5 Conclusion

En résumé, ce travail établit AdaPTS comme une solution modulaire et scalable pour
adapter les modeles de fondation univariés aux contextes multivariés. En préservant les
parametres du FM gelés et en n’entrainant que des transformations légeres de 1'espace
des caractéristiques, nous parvenons a améliorer la précision, quantifier 1'incertitude
et réduire les cotits d’inférence. Les perspectives futures incluent ’application de ce
cadre a d’autres types de modeéles déterministes et 'exploration de méthodes d’inférence
plus complexes, comme les chaines de Markov Monte Carlo, pour affiner davantage
'estimation de l'incertitude.

A4 Résumé du chapitre 6

Ce chapitre explore une problématique centrale dans I’adaptation des grands modéles
delangage (LLM) :la réconciliation de l’apprentissage supervisé (SFT) et de 'apprentissage
par renforcement (RL). Bien que le RL offre des avantages significatifs en termes de
généralisation et de réduction de 1'oubli catastrophique, son application est souvent
limitée par la nécessité de signaux de récompense explicites, souvent cotiteux ou in-
disponibles. Nous présentons ici un cadre méthodologique permettant de dériver des
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fonctions de récompense directement a partir de données supervisées, rendant ainsi le
RL applicable sans annotation supplémentaire.

A.4.1 Motivation et Problématique

La méthode traditionnelle pour entrainer des modeles génératifs repose sur 'estimation
de maximum de vraisemblance (MLE). Dans le contexte des LLM, cela se traduit par
le paradigme de la prédiction du prochain jeton (next-token prediction). Cependant,
le MLE présente des limites intrinseques, notamment 1’exposition au biais (exposure
bias) et une tendance a I'oubli catastrophique lors de ’adaptation a de nouvelles taches.
L'apprentissage par renforcement, particuliérement avec des algorithmes comme le Re-
inforcement Learning from Human Feedback (RLHF), s’est avéré plus efficace pour
aligner les modeles avec les préférences humaines. L'avantage du RL réside dans sa
capacité a explorer des chemins de raisonnement que le SFT ne peut atteindre et a con-
verger vers des solutions plus proches de la politique originale en termes de divergence
KL. Le défi majeur reste 1’absence de fonctions de récompense pour la majorité des jeux
de données supervisés.

A.4.2 Cadre Théorique : L'Optimisation Bilevel

L'originalité de notre approche consiste a traiter la fonction de récompense r comme une
variable d’optimisation au sein d"un probléeme d’optimisation bilevel (Bi-O).

Formulation Mathématique. Le probleme est structuré comme suit:

e Niveau extérieur (Outer level) : Optimiser les parameétres de la récompense pour
maximiser la log-vraisemblance sur les données d’entrainement.

e Niveau intérieur (Inner level) : Entrainer une politique ¢ via un objectif de RL
régularisé par l'entropie:

0" = arg Igleaé( ExEy|x~q []mewpg [T(ffa V)| + AH (po)]

Paramétrisation de la Récompense. Nous définissons la récompense comme une forme
quadratique négative de la différence entre les échantillons générés § et les cibles réelles
v: (9, y) = —(9—y)TU(§—y). Pour les données complexes comme le texte, cette mesure
est transposée dans un espace d’encastrement (*embedding space*) pré-entrainé: ry (9, y) =

—(e(@) — e)"U(e(®) — e(y))-
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A.4.3 Analyse du Cas Gaussien

L'analyse théorique dans un cadre Gaussien révele que la solution optimale pour la ma-
trice U est inversement proportionnelle a la matrice de covariance > du processus de
génération de données:

P Ay
Ur = 52

Cette découverte permet d’interpréter la récompense optimale comme une distance de
Mahalanobis négative. Pratiquement, cela signifie que plus les données sont bruitées,
moins le modele doit étre pénalisé pour ses déviations par rapport aux échantillons.
De plus, nous démontrons qu’en utilisant cette récompense optimale, 1’'objectif de RL
devient équivalent a la minimisation de la divergence de Kullback-Leibler (KL) inversée
entre la distribution du modele et celle des données. Cela induit un comportement de
recherche de mode (mode-seeking), contrairement au MLE qui tend a couvrir toute la
masse de la distribution.

A.4.4 Résultats Expérimentaux

Les performances de notre cadre ont été évaluées sur diverses taches, allant des données
synthétiques a I'ajustement fin de LLM.

Atténuation de I’'Oubli Catastrophique. Sur la tache ParityMNIST (combinant recon-
naissance de chiffres et types de vétements), nos résultats montrent que le RL utilisant
des récompenses apprises réduit I'oubli catastrophique de maniére comparable a un RL
utilisant une récompense oracle (parité réelle). Alors que le SFT voit ses performances
chuter sur les taches non ciblées par le fine-tuning, notre approche préserve mieux les
connaissances antérieures.

Fine-tuning de LLM (Tache Countdown) Nous avons appliqué l'algorithme Group
Relative Policy Optimization (GRPO) sur des modeles Qwen3 (de 0.6B a 8B parametres)
pour résoudre des problemes arithmétiques.

e Performance : Les récompenses apprises via notre formulation d’encastrement at-
teignent des niveaux de précision identiques a ceux de la récompense oracle (qui
vérifie mathématiquement le résultat).

e Robustesse : Ces performances sont stables quelle que soit la taille du modele.
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e Importance des Encastrements : L'étude d’ablation montre que le choix du modéle
d’encastrement (ex: RoBERTa ou Gemma) est crucial, et que le calcul de la récom-
pense sur la réponse finale seule est plus efficace que sur l'intégralité de la sortie
incluant la trace de raisonnement.

Données Tabulaires. Classification: Sur les jeux de données Credit Default et Poker,
notre méthode PG(U;,) surpasse le MLE et le PG standard en termes d’AUC et de pré-
cision. Apprentissage par Renforcement Basé sur Modele (MBRL) : Dans les taches
HalfCheetah, notre approche atteint le meilleur score en termes d’erreur quadratique
moyenne (MSE) tout en restant trés compétitive sur la log-vraisemblance négative (NLL),
offrant un compromis idéal pour la planification déterministe.

A.4.5 Conclusion et Perspectives

Ce travail démontre qu'il est possible de transformer des signaux de données super-
visées en fonctions de récompense structurées pour le RL. En interprétant la récompense
comme une distance de Mahalanobis apprise via une optimisation bilevel, nous offrons
une alternative robuste au SFT traditionnel.

Limitations et perspectives : La paramétrisation actuelle reste relativement simple ;
I’extension a des fonctions de récompense plus complexes et expressives est envisagée.
L'application a des taches non vérifiables (o1 aucune récompense oracle n’existe) con-
stitue la prochaine étape naturelle pour valider la généralisation de ce cadre dans des
scénarios de production réels.

A.5 Conclusion globale

Cette these explore 'apprentissage par renforcement basé sur un modele (MBRL) en
I'intégrant aux modeles de fondation modernes, tels que les LLM et les modéles pour
séries temporelles. A travers une approche multidisciplinaire mélant apprentissage su-
pervisé et optimisation, I’étude propose des contributions méthodologiques qui améliorent
la modélisation de la dynamique des environnements. En s’appuyant sur des analyses
théoriques rigoureuses validées par des résultats empiriques a grande échelle, ce travail
démontre que des choix de modélisation fondés sur des principes solides sont essentiels
pour faire progresser la recherche en intelligence artificielle.

Plus largement, ces travaux présentent la modélisation de la dynamique comme une in-
terface clé oul’apprentissage par renforcement et les modeéles de fondation s’enrichissent
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mutuellement : I'un offre des cadres de décision complexes, tandis que 1’autre apporte
des architectures extensibles et performantes. En mettant a disposition des implémenta-
tions open-source pour chaque chapitre, cette these vise a garantir la reproductibilité des
résultats et a stimuler le développement de systemes de prise de décision plus robustes,
généralisables et économes en données.
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|Appendix B

Appendix of Chapter 3

B.1 The evaluation setup

B.1.1 Environments

In the present study, we examine three
distinct environments within the scope of
continuous control reinforcement learn-
ing, as delineated in Figure B.1, each ex-
hibiting varying degrees of complexity.
The complexity of a given environment
is primarily determined by the dimension
of the state space d,;, and the dimension
of the action space d,. Notably, Cartpole
swing-up is a classic problem in the field where the task is to swing up a pole start-
ing downwards, and balance it upright. The other considered tasks are Swimmer and
Halfcheetah, which are two locomotion tasks, aiming at maximizing the velocity of a vir-
tual robot along a given axis. Swimmer incorporates fluid dynamics with the goal of
learning an agent that controls a multi-jointed snake moving through water. On the
other hand, Halfcheetah simulates a two-leg Cheetah with the goal of making it run as
fast as possible. For the latter environments, we use the implementation of OpenAI Gym
[Bro+16], and the implementation of Deepmind Control | Tas+18] for Cartpole. Both li-
braries are based on the Mujoco physics simulator [TET12]. A detailed description of
these environments is provided in Table B.1.

Figure B.1: The environments: Cartpole
swing-up, Swimmer and Halfcheetah.
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Table B.1: The environments characteristics. d,: the dimension of the state space, d,: the
dimension of the action space, z;: position along the z-axis, i;: velocity along the z-axis,
la:||3: the action a, magnitude, 0: the angle of the pole (only for Cartpole).

environment ds dq taskhorizon reward function
—0.25log(10) 22 2 0.04 log(10)d,2
Cartpole swing-up 5 1 1000 Ltcosfy x 1te (11— %t) X M
Swimmer 8§ 2 1000 & — 0.0001 X ||a¢||2
Halfcheetah 17 6 1000 &¢ — 0.1 X ||lat||2

B.1.2 Datasets

In this section, we introduce the different datasets that are used to evaluate the multi-
step models. These datasets are collected using some behavior policies that are unknown
to the models.

Table B.2 illustrates the features of datasets across the three environments: Cartpole
Swing-up, Swimmer, and Halfcheetah. These environments vary in dataset size and be-
havioral policies. In the Cartpole Swing-up setting, each of the three datasets (random,
mixed_replay, and full_replay) includes 50 episodes, which are split into training, vali-
dation, and testing subsets. The and full_replay depict complete learning trajectories of
an unstable model and a state-of-the-art (sota) model-based Soft Actor-Critic (SAC) re-
spectively [Jan+19], and integrated with shooting-based planning Section B.1.3. For the
Swimmer environment, both the random and full_replay datasets consist of 50 episodes
each. The random dataset is derived from a random policy, whereas the full_replay
dataset is generated using a model-based SAC with planning. For both the Cartpole
Swing-up and Swimmer environments, the datasets were self-collected due to the ab-
sence of a unified benchmark that includes datasets from both tasks.

Table B.2: The datasets characteristics. mf: model-free, mb: model-based, random —
all episodes collected to learn the policy m. The datasets size is given in episodes (of 1000
steps each).

environment dataset size (train/valid/test) behavior policy

random 50 (36/4/10) random policy
Cartpole swing-up mixed_replay 50 (36/4/10) random — unstable mb SAC + planning

full_replay 50 (36/4/10) random — mb SAC + planning
) random 50 (36/4/10) random policy
Swimmer . i

mixed_replay 50 (36/4/10) random — unstable mb SAC + planning

random (D4RL) 100 (76/4/20) random policy

Halfcheetah medium (D4RL) 100 (76/4/20) mf sac at half convergence
medium_replay (D4RL) 200 (156/4/40) random — mf sac at half convergence

To enhance our understanding of the differences among these datasets, we present the
distribution of returns for each dataset in Figure B.2. It is important to note that the vari-
ance in returns within a dataset serves as an indicator of the extent of the state space
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covered by that dataset. Specifically, datasets collected using a fixed policy exhibit a
notably narrow distribution, predominantly concentrated around their mean values, as
exemplified by the Halfcheetah random and medium datasets. This characteristic of the
datasets significantly influences the out-of-distribution generalization error in offline
MBRL, which represents a major challenge in this context.

cartpole

random }—H—{ e

full_replay + + * + + + " }I{
0o 200 400 600 800

random * }—H—f
mixed_replay| ¢+ tee 04 ' . ,—==_4

/] 50 100 150 200 250 300 350

halfcheetah
random }—=—1
medium ¢ ! ’—E

0 1000 2000 3000 4000 5000
return

swimmer

Figure B.2: A comparison of the distribution of returns across the considered datasets.

B.1.3 Agent: SAC + planning

Soft Actor-Critic (SAC) [Haa-+18b] is an off-policy algorithm that incorporates the maxi-
mum entropy framework, which encourages exploration by seeking to maximize the en-
tropy of the policy in addition to the expected return. SAC uses a deep neural network to
approximate the policy (actor) and the value functions (critics), employing two Q-value
functions to mitigate positive bias in the policy improvement step typical of off-policy
algorithms. This approach helps in learning more stable and effective policies for com-
plex environments, making SAC particularly suitable for tasks with high-dimensional,
continuous action spaces.

In addition to Dyna-style training of the SAC agent on the learned model with short roll-
outs a la MBPO [Jan+19], we use Model Predictive Control (MPC). MPC is the process
of using the model recursively to plan and select the action sequence that maximizes the
expected cumulative reward over a planning horizon H. The set of K (population size)

.....

e.g. Cross Entropy Method (CEM) [Chu+18]. In this study, the pre-trained SAC guides
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the MPC process by generating candidate action sequences from the learned stochastic
policy.

B.2 Implementation details

For all the models, we use a neural network composed of a common number of hidden
layers and two output heads (with Tanh activation functions) for the mean and stan-
dard deviation of the learned probabilistic dynamics (The standard deviation is fixed
when we want to use the MSE loss). We use batch normalization [IS15], Dropout layers
[Sri+14b] (p = 10%), and set the learning rate of the Adam optimizer [KB15] to 0.001,
the batch size to 64, the number of common layers to 2, and the number of hidden units to
256 based on a hyperparameter search executed using the RAMP framework [Kég+18].
The evaluation metric of the hyperparameter optimi zation is the aggregated one-step
validation R2 score across all the offline datasets. The neural networks are trained to
predict the difference between the next state and the current state Ay = 5,41 — s5;. More
precisely, the baseline consists in the single-step model trained to predict the difference
Aty using the one-step MSE. The other multi-step models, take their own predictions
as input to predict the difference A, j = s¢y1, — 5141,—1 at horizon h

For the offline RL experiments, we use SAC agents from the StableBaselines3 open-
source library [ Raf+21] while keeping its default hyperparameters. In the offline setting,
we train the SAC agents for 500, 000 steps on a fixed model by generating short rollouts
of length 100 from states of the the dataset selected uniformly at random. At evaluation
time, the MPC planning is done by sampling 500 action sequences from the SAC policy,
and rolling out short rollouts of horizon 20 for return computation. This return is then
bootstrapped with the value function learned by SAC.

B.3 Probabilistic interpretation

So far we have only considered deterministic models that directly learn to predict the
next observation. However, it is very common in the literature to use probabilistic models
thatlearn to predict the parameters of a dist ribution over the next observations [ Chu+18;
Jan+19; Nag+18; KHT21], rather than a point estimate. Probabilistic models are useful
because they enable uncertainty estimation, which can represent finite-sample fitting
errors (epistemic uncertainty) and/or the intrinsic uncertainty in the environment dy-
namics (aleatory uncertainty).

In the probabilistic case, we represent s as a Gaussian over the next state
Do <3t+1|5t7 at) = N<5t+1|ﬂ9(3t7 at), 69(-% at))v
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where the parameters (/ig, 6y) are the output of the neural network. The loss function
to train the probabilistic model on a transition’ (s, a;, s;+1) is the negative log-likelihood

L(sesr Dol-lse, ar)) = —10g Pa(sesa]se, ar).

Using this formulation, the j**-horizon negative log-likelihood loss is

L(s115, P40, @erss)) = = log ph(seeslse, @)

= - log-/\/<3t+j !ﬂéﬁ(st, a't:t+j)7 6§(st, at:t+j))-

Instead of the direct next prediction, the parameters of the distribution ﬂé(st, at.i+;) and
65(5}, a1+ j) represent the output of the model after j recursive calls using the ground
truth actions a;.;. From this definition, we can obtain the weighted multi-step MSE
loss by solving a Maximum (joint) Likelihood Estimation (MLE) problem:

Proposition B.3.1. (Multi-step MSE loss as MLE). Under the assumption of the condi-
tional independence on (s, @r.tr), the weighted multi-step MSE loss can be recovered from

the negative log-likelihood of the joint distribution of (Sii1, ..., St+h) = St+14+h’
L<St+1:t+h7ﬁé:h<5t7 at:t+h)) = —log ﬁé:h(3t+1:t+h’5ta at:t+h)
= —log H?:ﬁé(stﬂ\su Gty j)
Eh: b 1 .
=) logby+) = (seej —f5)"+ C
j=1 j=1 2(05)2 coE?Znt
——

regularization “

Lo

with /lé = ﬂé(sl‘d a’t:t+j) and 6é = &g(sta a’t:tJrj)'
Remark B.3.1. proposition B.3.1 states the result in the case of uni-dimensional state spaces.

While this is considered for simplicity, we can straight-forwardly generalize to the multi-variate
case with the inverse of the covariance matrix as weight o;; = —13;".

Can we automatically learn the weights using the formulation in proposition B.3.1?
To answer this question, we train a probabilistic model py to minimize the Negative Log-
Likelihood (NLL) loss shown at proposition B.3.1. When computing the multi-step loss
at training time, the predicted states are obtained by sampling from the learned dis-
tribution using the reparametrization trick §,,, = ﬂ{;(st, aiiij) + 6§(st, aiiij) - € where
& ~ N(0,I)%. We refer to this as stoch-astic sampling, as opposed to det-erministic sam-
pling that refers to MSE-based models where ;. ; = ﬂg(st, Qiij).

!In this section, we don’t make the distinction between states s and observations o as the probabilistic
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Figure B.3: The left panel shows the normalized learned weights of a
stochastic model trained using the h = 2 multi-step loss. Basically, o =

1 1
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R2(h) curves on a held-out test dataset from the Cartpole swing-up random task.

Interestingly, we find that the stoch model automatically learns to put more weight on
h = 1in absence of noise, while learning to balance the weights at 1% noise (Figure B.3).
In the same dataset (Cartpole-Random with respectively 0% and 1% noise scale), we have
found for the h = 2 MSE-based model that the optimal weights were obtained by respec-
tively 8 = 0.1 (y =0.9and a, = 0.1) and 5 = 2.0 (a; = 0.33 and ay = 0.66). This result
shows the potential of the MLE formulation to learn the correct weight profile depend-
ing on the intrinsic noise on the training data, which is captured through the learned
variance.

In practice, the stoch model fails to predict accurately at future horizons (Figure B.3),
which is the reason why we don’t adopt this formulation in the main paper. We suspect
that the model is underestimating the variance, leading to inaccurate predictions dur-
ing inference and resulting in divergent trajectories. This issue stems from inadequate
uncertainty propagation during the generation of rollouts from the stochastic model. In
fact, accurate uncertainty quantification over future horizons necessitates the generation
of multiple trajectories and the subsequent measurement of variance at the j-th horizon.
We leave the exploration of this promising direction to future work.

interpretation is independent of the underlying MDP.
ZNotice that in this context, s is not necessarily uni-dimensional. In fact, s € R? where d is the dimen-
sion of the state space. I is thus, the corresponding identity matrix.
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B.4 Additional experiments & results

B.4.1 Uni-dimensional linear system
Comparison with the data augmentation variant

To further understand the multi-step loss, we propose to reconduct the bias-variance
analysis in Section 3.5.1 with a data augmentation variant that consists in training the
a = 1.0 model (baseline) on an augmented dataset: D,,, = {So, O:}, with the next states
being y = {04, O, }.

Indeed, one may argue that the variance reduction gained by using the o = 0.5 multi-
step loss is due to sampling the noise twice (both through O,, and O,), while the vanilla
model only sees one realization of the noise through O;.

Bias = E[0] — Orpie Var[8]
Birue 0.02 A
0.015 +
@
ot ]
= 5
>
0.00 0.005 ~
0.000 1
0.2 0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
o o
@
—— 1.0 (augmented) 1.0 — 0.50 — 0.0

Figure B.4: The left panel shows the density distribution of 0 — 0, for a fixed o of
1.0. The middle panel delineates the bias of the estimator, defined as E[@] — O4yye, ACTOSS
varying levels of o, and weights o € {0,0.5,1}, in addition to the augmented variant
of the @ = 1.0 model. The right panel presents the variance of the estimator, Var[f],
as a function of ¢ for the same set of a values. The shaded regions represent the 95%

bootstrap confidence intervals across 10 ;.. values, and 100 Monte-Carlo simulations.

As suggested by the previous reasoning, Figure B.4 shows that indeed augmenting the
training data of the baseline model reduces its variance, yet the multi-step model with
a = 0.5 remains the optimal in terms of variance. Interestingly, we notice that the bias
increases for the data-augmented model, this is due to the noise appearing in the inputs
now, which changes the closed-form solutions derived in Section 3.5.1 and the estimator
is no longer unbiased. We conclude on the optimality of the multi-step even in the data
augmented case.
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Figure B.5: Similar to Figure B.4, in addition to the noise reduction variant of the o = 1.0
model.

Analogy to noise reduction by averaging

One way to increase the signal-to-noise ratio (SNR) is averaging [NG10; van07]. It con-
sists in sampling the same noisy event k times, and observing a noise reduction in the
average by a factor of v/k. Although we have no guarantees about the factor of noise
reduction observed when we use the multi-step loss, we hypothesize that the observed
improvement is similar to that of noise reduction by averaging.

To test this hypothesis, we reconduct the bias-variance analysis in Section 3.5.1 and Sec-
tion B.4.1 with a noise reduction variant that consists in training the o = 1.0 model
(baseline) on a modified dataset: D, .4, = {So}, with the next states being y = {01%0/1},
where O, and O] are two realizations of the noisy next transitions. As illustrated in
Figure B.5, the noise reduction approach applied to the 2 = 1 model demonstrated a sig-
nificant reduction in variance while maintaining unbiasedness, a result that is supported
by theoretical justification. Nonetheless, it is important to note that the multi-step model
with a = 0.5 continues to display a lower variance, albeit with a marginally increased

bias.

B.4.2 Two-parameter Non-linear system
The loss landscape and approximate global minima

In the non-linear case, the problem of computing the minimizers of the loss function is
intractable. To build an understanding about the optimization challenges in this setup,
we tried to replicate the same analysis we did in the linear case, visualizing the loss
landscape and its approximate global minima Figure B.6.

The global minima in Figure B.6 were determined by evaluating the loss function across
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a finely meshed grid surrounding the true parameters 6"“¢. This process was carried
out for ten distinct sets of future observations at varying noise levels. The resulting data
include the average loss surface, individual instances of global minima (indicated by
yellow dots) and their mean (shown as an orange star). In absence of noise, all global
minima are aligned with "¢, serving as a preliminary validation of the multi-step loss’s
consistency. However, as the noise level increases, the challenge of optimizing the two-
step MSE loss becomes more and more apparent, evidenced by an increasing number
of minimum points diverging from the true parameters. In contrast, the model with an
intermediate value of o = 0.5 either matched or outperformed the baseline model (a =
1) in terms of the proximity of the global minima to the true parameters. Consequently,
in this basic non-linear scenario, it is evident that the multi-step loss does not introduce
significant optimization difficulties at lower a values.

Details of the experiment in Section 3.5.2

The goal of the experiment in Section 3.5.2 is to assess the solutions of the multi-step MSE
loss after training. Indeed, the intractability of the optimization problem forces to only
analyze the solution after a gradient-based optimization procedure, all while integrating
counfounding factors of this latter. The confounding factors that influence the outcome
of the optimization incude: the optimizer, the initial points distribution, the learning
rate, among others.

In this study we generate 10 Monte-Carlo simulations for each of: 10 randomly sampled
initial points, 3 initialization distributions (default, uniform, Xavier_uniform), 2 optimizers
(Adam, SGD), 3 noise levels (0%, 20%, and 40%), 5 different values of the multi-step loss
parameter o € {0,0.25,0.5,0.75,1}. For each of these experiments, we train the neural
network to minimize the multi-step MSE loss L, for 60 epochs. We report and analyze
the validation losses and proximity to the true parameters in Figure 3.5, Section 3.5.2.

Figure B.7 shows the per-epoch training and validation loss curves, in addition to the
MSE between the model parameters and the true parameters.

B.4.3 Static evaluation
R2(100) table

The static evaluation has been conducted by training models on the multi-step loss for
different values of h € {2,3,4,10} and 5 € {0.1,0.3,0.5,0.75,1.0, 1.5, 2.0, 3.0, 5.0, 20.0}.
Table B.3 shows the corresponding test £2(100) scores and their standard deviations
after the symbol +. For each horizon %, we show the best value of the 3 parameter, as
it’s different across environments, datasets, and noise scales.
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Environment Dataset Noise scale One-step Multi-step
h=2 7] h=3 7] h=4 3] h=10 []
0 972 +-4 975 +-1[0.1] 977 +-2[0.3] 980 +-1[0.1] 986 +-1[0.75]
random 0.01 864 +-5 930 +-1[2.0] 950 +-2[2.0] 946 +-3[1.0] 954 +-4[0.75]
0.02 508 +-16 690 +-15[2.0] 769 +-7[20]  812+-7[15] 836 +-7 [0.75]
0 812 +-106 915 +-22[0.75] 921 +-32[2.0] 925+-24[0.5] 931 +-20[0.75]
Cartpole swing-up mixed_replay ~ 0.01 541 +-51 574 +-26[0.1] 659 +-44 [3.0] 653 +-51[1.5] 679 +-38[0.75]
0.02 428 +-9 335 +-4[2.0] 459 +-71[0.75] 481 +-12[1.0] 457 +-38[0.75]
0 705 +-52 828 +-6[2.0] 843 +-42[2.0] 858 +-32[0.75] 880 +-21[0.5]
full_replay 0.01 714 +-7 709 +-10 [0.1] 718 +- 6 [1.5] 722 +-33[0.75] 683 +-32[0.1]
0.02 530 +-14 551 +-34[0.1] 527 +-21[15] 530 +-46[0.1] 541 +-24[0.1]
0 983 +-1  974+-3[01]  978+4-0[01]  975+-1[0.1] 974 +-2[0.1]
random 0.01 934+-6 941 +4-0[0.1] 941 +-2[01] 942 +-1[0.5] 943 +-2[0.5]
Swimmer 0.02 865 +-14 869 +-17[0.1] 880 +- 8 [0.5] 892 +-4[0.5] 891 +-4[0.5]
0 609 +-46 680 +- 184 [20.0] 734 +-18[20.0] 875 +-25[3.0] 735 +-120 [0.75]
mixed_replay  0.01 874 +-14 904 +-16[0.5] 901 +-16[3.0] 936 +-5[01] 920 +- 8 [0.75]
0.02 850 +-13 893 +-8[1.0] 878 +-6[0.3] 886 +-4 [1.0] 883 +- 8 [0.75]
0 755 +-3 746 +-7[0.1] 775 +-3[0.1] 765 +-9 [0.5] 766 +-5[0.3]
random 0.01 737 +-4 732 +-27[0.1] 756 +-9 [0.1] 763 +-6 [0.1] 725 +-5[0.5]
0.02 704 +-3  711+-17[01] 709 +-23[0.1] 701 +-3[05]  731+-0[0.3]
0 516 +-19 268 +-51[0.1] 547 +-10[03] 562 +-63[0.3] 640 +-13 [0.3]
Halfcheetah medium 0.01 691 +-11 634 +-20 [0.1] 674 +-28 [0.1] 695 +-3[0.1] 710 +- 4 [0.1]
0.02 718 +-4 422 +-242[0.1] 675+-15[0.1] 690 +-1[0.1] 702 +-13 [0.1]
0 541 +-54 446 +-70[3.0] 589 +-15[0.75] 632 +-7[0.75] 771 +-12[0.5]
medium_replay 0.01 709 +-12 725 +-4[0.1] 737 +-7[0.1] 737 +-16 [0.1] 773 +-9[0.3]
0.02 687 +-26 723 +-16[0.1]  731+-6[01]  765+-18[0.3] 750 +-7 [0.3]

Table B.3: R2(100) for different environments, datasets, and noise scales. We highlight
entries that have significantly larger score. In addition, to the mean ?m standard devia-
tion of the reported metric, the table also shows the best 3 selected for each loss horizon
h.

The weight profile and the effective horizon

We can define the effective horizon h, that reflects the prediction horizon at which we
effectively optimize the prediction error: given a weighted multi-step loss L, with nom-
inal horizon h and weights «, the effective horizon k. is defined as h, = Z?:

For a given model trained using the multi-step loss, the optimal effective horizon is an
indication of the time scale needed for optimal performance. However, models that have
a different nominal horizon . and the same effective horizon %, do not necessarily have
the same performance. Precisely, the loss with the larger nominal horizon is setting small
weights on the furthest horizons, which has a direct impact on the loss landscape and
consequently on the optimization process.

lai'l.

Table B.4 shows the optimal effective horizon h., and the exponentially parametrized
weight profiles (characterized by the decay parameter j3), for different values of the hori-
zon h and the noise scale o.

The main insight of Table B.4 is that regardless of the nominal horizon A, the effective
horizon h. (and equivalently the decay parameter 3) increases with the noise scale. This
finding supports the idea that multi-step models are increasingly needed when incorpo-
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Table B.4: Best h.(/3) values found with a grid search for each horizon and each noise

scale. The values are averaged over the eight datasets.

‘ horizon h

| 2 3 4 10
g (0/0) he (ﬁ)
0.0 1.30 (0.81) 1.48 (0.45) 1.58 (0.41) 2.09 (0.46)
0.01 1.26 (0.56) 1.65(0.76) 1.74 (0.51) 2.23(0.47)
0.02 1.36 (0.86) 1.65(0.72) 2.08 (0.78) 2.72(0.54)
0.03 1.33 (0.67) 1.95(1.21) 2.13(0.81) 2.33(0.50)
0.04 1.40 (0.74) 1.88 (1.01) 2.02 (0.74) 2.49 (0.55)
0.05 1.49 (1.33) 1.76 (0.83) 2.28 (0.97) 2.22(0.51)

rating information from the future is crucial to achieve noise reduction. As discussed in
the previous experiment, the results are highly dependent on the task (environment/-
dataset), while in Table B.4 we aggregate the results across tasks, and still observe the
increasing trend.

Another important result highlighted in Table B.4 is the upper bound on the effective
horizon (h. does not go beyond 2.52), even when the nominal horizon is large (e.g 10).
This suggests that while putting weight on future horizons error does help the model,
it is not beneficial to fully optimize for these horizons. Indeed, the additional compo-
nents of the multi-step MSE loss act as a regularizer to the one-step loss, rather than a
completely different training objective.

R2(h) curves

In this section, we show the full R2(h) curves for all environments / datasets.
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Figure B.6: This figure illustrates the impact of noise on the optimization of a multi-
step MSE loss function by displaying loss landscapes at varying noise levels and alpha
() values. The true parameters (6"“) are marked with red dots. Each row represents a
different level of noise, with yellow dots indicating individual instances of global minima
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Figure B.7: The three left panels show the training, the one-step, and the two-step valida-
tion losses across 50 training epochs. The right panel show the evolution of the distance
of the NN parameters to the system parameters during training.
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Figure B.10: Halfcheetah.
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|Appendix C

Appendix of Chapter 4

C.1 Theoretical analysis

C.1.1 Proof of theorem 4.4.1

We start by formally defining the LLM multi-branch return 772,11?,7’- To do so, we first
denote A; the random event of starting a k-step LLM branch at timestep ¢ and we denote
X the associated indicator random variable X; = 1[A;]. We assume that the (X;);>7 are
independent. We then define the random event A} that at least one of the k preceding
timesteps has been branched, meaning that the given timestep ¢ belongs to at least one
LLM branch among the k possible branches: A = Uf;ol A;_;. The LLM multi-branch
return can then be written as follows:

T-1

1Im o t
e (M) = Y Vst agn (51, @)
t=0
Burn-in phase to gather minimal context size T'
[es) 1 k
t k
+ 2 VEx,imbip)asick lﬂ[At] S KB e rsna)] ()
t=T =1 t—1 =1 ’

average reward among the branches spanning timestep ¢

+ H[Af]Esth,awW{r(shat)} ‘|a

When no branch is spanning timestep ¢

where P! = P(.|P'™1) wit = 1, the initial state distribution and P, = Pi_(.|P).
here P! = P(.[P*~1) with P° = i, the initial state distribution and £, = P, (|P"

Before continuing, we first need to establish the following lemma.
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Lemma C.1.1. (Multi-step Error Bound, Lemma B.2 in [Fra+24] and [Jan+19].) Let P
and P be two transition functions. Define the multi-step error at time step t, starting from
any initial state distribution ji, as:

ev 1= Drv(P*(:|no) | P'(-] o))

with P° = P° = .
Let the one-step error at time step t > 1 be defined as:

& = Eopii(ug) [Drv(P([9)[ P(-]9))]

and fo =¢&p = 0.

Then, the multi-step error satisfies the following bound:

Proof. Lett > 0. We start with the definition of the total variation distance:

&0 = Dry(P' (o) | P (- 110))
_1 t(o Dt (! /
=5 | [P(s0) = P/ )| ds

_;s@/’PWWP“@W@—ﬂﬂﬂﬁlmes@’

<5 [ L PE19P sl) = P(S15) P sl ds
il P19 P (o) = P(' )P (sl )| dsds

PGP sli) — PSP )
+P(5'|5) P (s]p0) — P(s'|s)P'" (s|o)| ds ds’

Using the triangular inequality, we can split the above expression into two terms:
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1 3 ~
o [ P [P slao) — P sl s
[ [5 [P = P1s)] as| P (slpo) ds
€S

1 -
f/ (/ ds) ‘Pt Y(s|po) — Pt’l(smg)‘ ds
seS s'eS

= Evopt-i(jp) [ Drv(P ('|M0)||P('|S))] + Dry(P (o) | P j10)
=&+ e

Given that §, = ¢y = 0, by induction we have:

t
e <> &
i=0

We now restate and prove theorem 4.4.1:

Theorem C.1.1 (Multi-branch return bound). Let T" be the minimal length of the in-
context trajectories, p € [0, 1] the probability that a given state is a branching point. We
assume that the expected total variation between the LLM-based model and the true dynamics
under a policy 7 is bounded at each timestep by

max Eevpt,ar |drv (P([s,)[[Pun(-s,))]| < cun(T).

t>T
Then under a multi-branched rollout scheme with a branch length of k, the return is bounded

as follows:
T

m 7
In(m) — WﬁkT(W)\ §2ﬁ7amaxk2pgllm(T) : (C.2)

where ryax = MaXses e (S, @).

Proof. Step 1: Expressing the bound in terms of horizon-dependent errors.
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We then expand the integrals in the terms E;,pt 4, [r(st, at)} —E,  pi  aor [r(st, at)}
and express it in terms of horizon-dependent multi-step model errors:

Estht,atNW [T(Stv at)} - EstPt Jim 3T [T(St’ at)}

N /SES /ae.A 8’a>(Pt s, a) — tum(S G)) da ds

< Tmax / s / B (Pt — Py (s,0)) da ds
(

(C.3)
P(s) = Bjun(s))(als) da ds

Step 2: Simplifying the bound.
By applying lemma C.1.1 we can bound the multi-step errors using the bound on one-
step errors:
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DTV(Pthti, ) <itemm(T) < kemm(T) (C4)

IIm

Therefore, the bound becomes:

() = Dk ()| < 2rinax k e (T) - '

t=T

= 27 max k e (T) i o0& ‘]Ext_iwb(p),lgigk [ﬂ[Am ‘

t=T

S 2rmax k €llm (T) Z P}/tk’lp
t=T

1 k
Ex,_i~b(p)1<i<k [H[Af] - v Xt—i]

,YT

1—

=2

Tmaku p 6llm(jj)
y
(C.5)

C.2 Related Work

Model-based reinforcement learning (MBRL). MBRL has been effectively used in it-
erated batch RL by alternating between model learning and planning [DR11; Haf+21b;
GMR16b; LK; Chu+18; Jan+19; KHT21], and in the offline (pure batch) RL where we
do one step of model learning followed by policy learning [Yu+20b; Kid+20; LLK21;
AD21; Z7ZX21; Yu+21b; LCZ21; BTK24]. Planning is used either at decision time via
model-predictive control (MPC) [DER95; Chu+18; Haf+19b; Pin+20; KHT21], or in
the background where a model-free agent is learned on imagined model rollouts (Dyna;
[Jan+19; Sut91; Sut+92; HS18a]), or both. For example, model-based policy optimiza-
tion (MBPO) [Jan+19] trains an ensemble of feed-forward models and generates imag-
inary rollouts to train a soft actor-critic agent.

LLMs in RL. LLMs have been integrated into reinforcement learning (RL) [Cao+24;
Yan+23], playing key roles in enhancing decision-making [ KVM?24; PFR; Zha+24b; Fen+24],
reward design [ Kwo+23; Wu+24; Car+23; Liu+23], and information processing [ Pou+23;
Lin+24]. The use of LLMs as world models is particularly relevant to our work. More
generally, the Transformer architecture [Vas+17] has been used in offline RL (Decision
Transformer [Che+21]; Trajectory Transformer [JLL21]). Pre-trained LLMs have been
used to initialize decision transformers and fine-tune them for offline RL tasks [Shi+23;
RYG22; YX24a]. As world models, Dreamer-like architectures based on Transformers
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have been proposed [MAF22; Zha+23b; Che+22], demonstrating efficiency for long-
memory tasks such as Atari games. In text-based environments, LLMs have found multi-
ple applications [ Lin+24; Fen+24; Zha+24b; Ma+24b |, including using code-generating
LLMs to generate policies in a zero-shot fashion [Lia+23; Liu+24a].

The closest work to ours is [Wan+23], where a system prompt consisting of multiple
pieces of information about the control environment (e.g., description of the state and
action spaces, nature of the controller, historical observations, and actions) is fed to the
LLM. Unlike our approach, which focuses on predicting the dynamics of RL environ-
ments, [ Wan+23] aim to directly learn a low-level control policy from the LLM, incorpo-
rating extra information in the prompt. Furthermore, [Wan-+23] found that only GPT-4
was usable within their framework, while we provide a proof-of-concept using smaller
open LLMs such as Llama 3.2 1B.

ICL on Numerical Data. In-context learning for regression tasks has been theoreti-
cally analyzed in several works, providing insights based on the Transformer archi-
tecture [Li+23; Osw+23; Aky+23; Gar+23; Xie+22]. Regarding time series forecast-
ing, LLMTime [ Gru+23a] successfully leverages ICL for zero-shot extrapolation of one-
dimensional time series data. Similarly, [das_decoder-only_2024] introduce a founda-
tional model for one-dimensional zero-shot time series forecasting, while [ XS23] com-
bine numerical data and text in a question-answer format. ICL can also be used to ap-
proximate a continuous density from the LLM logits. For example, [Liu+24b] develop a
Hierarchical softmax algorithm to infer the transition rules of uni-dimensional Markovian
dynamical systems. Building on this work, [ZBR] provide an application that predicts
the parameter value trajectories in the Stochastic Gradient Descent algorithm. More rele-
vant to our work, [ Req+24] presented LLMProcesses, a method aimed at extracting multi-
dimensional distributions from LLMs. Other practical applications of ICL on numerical
data include few-shot classification on tabular data [ Heg+23], regression [ Vac+24], and
meta ICL [Cod+23].

C.3 State and action dimensions interdependence - addi-
tional materials

C.3.1 Principal Component Analysis (PCA)

Principal Component Analysis. PCA isa dimensionality reduction technique that trans-
forms the original variables into a new set of variables, the principal components, which
are linearly uncorrelated. The principal components can be ordered such that the first
few retain most of the variation present in all of the original variables. Formally, given
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a data matrix X with n observations and p variables, PCA diagonalizes the covariance
matrix C = —=X”X to find the eigenvectors, which represent the directions of the prin-
cipal components: PCA: X — Z = XW, where W are the eigenvectors of C. In our
case, the data represents a dataset of states and actions given a data collecting policy 7p,
while the p variables represent the state (eventually also the action) dimensions.

HalfCheetah

avg_error
°© ©°
()] ~

o
o

©
N

0 5 10 15 20
n_components

—— DICL~(s,a)

Figure C.1: Ablation study on the number of principal components in the DICL-(s. a)
method.

Ablation on the number of components. Figure C.1 shows an ablation study on the
number of components used in the DICL-(s, a) method. Surprisingly, we observe a sharp
decline in the average multi-step error (see Section C.6 for a detailed definition) given
only 4 components among 23 in the HalfCheetah system. The error then slightly in-
creases for an intermediate number of components, before going down again when the
full variance is recovered. This finding strengthens the position of PCA as our Disentan-
gling algorithm of choice in DICL.

C.3.2 Independent Component Analysis (ICA)

ICA is a statistical and computational technique used to separate a multivariate signal
into additive, statistically independent components. Unlike PCA, which decorrelates the
data, ICA aims to find a linear transformation that makes the components as indepen-
dent as possible. Given a data matrix X, ICA assumes that the data is generated as linear
mixtures of independent components: X = AS, where A is an unknown mixing matrix
and S is the matrix of independent components with independent rows. The goal of ICA
is to estimate an unmixing matrix W such that Y = WX is a good approximation of the
independent components S. The implications of ICA on independence are profound:
while PCA only guarantees uncorrelated components, ICA goes a step further by op-
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timizing for statistical independence, often measured by non-Gaussianity (kurtosis or
negentropy).
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Figure C.2: ICA estimated mixing matrix.

Figure C.2 shows the estimated mixing matrix A when running ICA on the D4RL-expert
dataset on the Hopper environment. Under the assumptions of ICA, notably the sta-
tistical independence of the source signals, their linear mixing and the invertibility of
the original (unknown) mixing matrix, the original sources are successfully recovered
if each line of the estimated mixing matrix is mostly dominated by a single value, mean-
ing that it’s close to an identity matrix up to a permutation with scaling. In the case of
our states and actions data, it’s not clear that this is the case from Figure C.2. Similarly
to PCA, we can transform the in-context multi-dimensional signal using ICA, and ap-
ply the ICL procedure to the recovered independent sources. We plan on exploring this
method in future follow-up work.

C.3.3 AutoEncoder-based approach

Variational Autoencoders (VAEs) [kingma2022autoencodingvariationalbayes]| offer a
powerful framework for learning representations. A disentangled representation is one
where each dimension of the latent space captures a distinct and interpretable factor of
variation in the data. By combining an encoder network that maps inputs to a prob-
abilistic latent space with a decoder network that reconstructs the data, VAEs employ
the reparameterization trick to enable backpropagation through the sampling process.
The key to disentanglement lies in the KL-divergence term of the VAE loss function,
which regularizes the latent distribution to be close to a standard normal distribution.
Variants such as $-VAE [Hig+17] further emphasize this regularization by scaling the
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KL-divergence term, thereby encouraging the model to learn a more disentangled rep-
resentation at the potential cost of reconstruction quality. Beyond simple VAEs, there
exist previous work in the literature that specifically aim at learning a factorized poste-
rior distribution in the latent space [KM19]. Although this direction looks promising, it
strikes different concerns about the learnability of these models in the low data regime
considered in our paper.

C.3.4 Sensitivity Analysis

The preceding analysis examines state dimensions as features within a representation
space, disregarding their temporal nature and our ultimate objective of predicting the
next state. In practice, our interest lies in capturing the dependencies that most signif-
icantly influence the next state through the dynamics function of the MDP. To achieve
this, we use Sensitivity Analysis (SA) to investigate how variations in the input of the
dynamics function impact its output.

Hopper
rootz |}
rooty |}
thigh [ ]
leg [ | 6
foot
rootx B |,
rootz
rooty [ | [ |
thigh H 2
leg [ |

foot

Figure C.3: Sensitivity matrix.

Sensitivity Analysis. Sensitivity analysis is a systematic approach to evaluate how the
uncertainty in the output of a model can be attributed to different sources of uncertainty
in the model’s inputs. The One-at-a-Time (OAT) method is a technique used to under-
stand the impact of individual input variables on the output of a model. In the context
of a transition function of a MDP, the OAT method involves systematically varying one
current state or action dimension at a time, while keeping all others fixed, and observ-

ing the resulting changes in the output dimensions: 8(;(";;3’“ and %, where (s;);, (a;);

J

and (s;y1); denote the i-th dimension of the state, the j-th dimension of the action, and
the k-th dimension of the next state, respectively.

In practice, we measure the sensitivity by applying a perturbation (of scale 10%) to each
input dimension separately, reporting the absolute change that occurs in each dimension
of the output. Precisely, for a deterministic transition function f, input state dimension i,
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and output dimension k, we measure | f(s+e€, a), — f(s, a);| where ¢; = 0.1 X scale(i) and
0 elsewhere. The sensitivity matrix in Figure C.3 demonstrates that most of the next state
dimensions are mostly affected by their respective previous values (the diagonal shape
in the state dimensions square). In addition to that, actions only directly affect some
state dimensions, specifically velocities, which is expected from the nature of the physics
simulation underlying those systems. This finding suggests that the vICL method might
give good results in practice for the considered RL environments, and makes us hope
that the approach is enough to capture the state dimensions dependencies,
especially for single-step prediction.

Remark C.3.1. This sensitivity analysis is specific to the single-step transition function. In
practice, such conclusions might change when looking at a larger time scale of the simulation.

C.4 Algorithms

C.4.1 Soft-Actor Critic

Soft Actor-Critic (SAC) [Haa+18b] is an off-policy algorithm that incorporates the maxi-
mum entropy framework, which encourages exploration by seeking to maximize the en-
tropy of the policy in addition to the expected return. SAC uses a deep neural network to
approximate the policy (actor) and the value functions (critics), employing two Q-value
functions to mitigate positive bias in the policy improvement step typical of off-policy
algorithms. This approach helps in learning more stable and effective policies for com-
plex environments, making SAC particularly suitable for tasks with high-dimensional,
continuous action spaces.

We use the implementation provided in CleanRL [Hua+22b] for SAC. In all environ-
ments, we keep the default hyperparameters provided with the library, except for the
update frequency. We specify in Table C.1 the complete list of hyperparameters used for
every considered environment.

Table C.1: SAC hyperparameters.

Environment HalfCheetah ~Hopper Pendulum
Update frequency 1000 1000 200
Learning starts 5000 5000 1000
Batch size 128 128 64

Total timesteps 1e6 le6 led
Gamma vy 0.99 0.99 0.99
policy learning rate  3e — 4 3e—4 3e—4
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C4.2 DICL-SAC

For our algorithm, we integrate an LLM inference interface (typically the Transformers
library from Huggingface [Wol+20]) with CleanRL [Hua+22b]. Table C.2 shows all
DICL-SAC hyperparameter choices for the considered environments.

Table C.2: DICL-SAC hyperparameters.

Environment HalfCheetah Hopper Pendulum
Update frequency 1000 1000 200
Learning starts 5000 5000 1000

LLM Learning starts 10000 10000 2000

LLM Learning frequency 256 256 16

Batch size 128 128 64

LLM Batch size (a%) 7(5%),13(10%), 32(25%)  7(5%), 13(10%),32(25%)  4(5%), 7(10%), 16(25%)
Total timesteps 1e6 1e6 led
Gamma vy 0.99 0.99 0.99

Max context length 500 500 198

Min context length 1 1 1

LLM sampling method mode mode mode
LLM dynamics learner vICL vICL vICL

Balancing gradient updates. To ensure that DICL-SAC performs equally important
gradient updates on the LLM generated data, we used a gradient updates balancing
mechanism. Indeed, since the default reduction method of loss functions is averaging,
the batch B with the smallest batch size gets assigned a higher weight when doing gra-

dient descent: . To address this, we multiply the loss corresponding to the LLM gen-

|B]
erated batch By, with a correcting coefficient “f gr‘ ensuring equal weighting across all

samples.

We now show the full training curves on the HalfCheetah and Hopper environments
(Figure C.4). The return curves show smoothed average training curves + 95% Gaussian
confidence intervals for 5 seeds in HalfCheetah and Hopper, and 10 seeds for Pendulum.

The update frequency. The default update frequency of SAC is 1 step, meaning that the
policy that interacts with the environment gets updated after every interaction. In our
LLM-based framework, this introduces an additional layer of complexity at this implies
that the state visitation distribution of the in-context trajectories will be moving from one
timestamp to another. We therefore assume an update frequency equal to the maximal
number of steps of an episode of a given environment.

It is important to mention that the choice of setting the update frequency for all algo-
rithms to the number of steps equivalent to a full episode has dual implications: it can
stabilize the data collection policy, which is beneficial, but it may also lead to overtrain-
ing on data gathered by early, low-quality policies, which is detrimental. This trade-off
has been previously studied in the RL literature [Mat+21; Tho+24]. Notably, [ Tho+24]
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Figure C.4: Data-augmented off-policy RL. Full training curves.

argues that the update frequency is more of a system constraint than a design choice
or hyperparameter. For instance, controlling a physically grounded system, such as a
helicopter, inherently imposes a minimal update frequency. Therefore, we deem it a fair
comparison as this constraint is uniformly applied to all algorithms.

For the sake of completeness and comparison, we also evaluated the SAC baseline using
its default update frequency of one step. Figure C.5 shows the comparison of our al-
gorithm DICL-SAC, the baseline SAC with update frequency 1000, and the default SAC
with update frequency 1. We see that on Halfcheetah the default SAC (uf = 1) per-
forms similarly to SAC with an update frequency of 1000. On Pendulum and Hopper it
performs slightly better with DICL remaining competitive while having the constraint
of an update frequency of 1000.

C.5 What is the impact of the policy on the prediction er-
ror?

In this experiment, We investigate how a policy impacts the accuracy and calibration
of our LLM-based dynamics models. To do so, we train three model-free algorithms
(PPO [Sch+17], SAC [Haa+18b], and TD3 [FMP19]) on the HalfCheetah environment,
selecting different checkpoints throughout training to capture diverse policies. We then
analyze the correlation between policy characteristics, specifically state coverage (de-
fined as the maximum distance between any two states encountered by the policy) and
entropy, with the Mean Squared Error and Kolmogorov-Smirnov (KS) statistic. Our
findings indicate that the state coverage correlates with both MSE and KS, possibly be-
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Figure C.6: Correlation plots between state coverage and entropy of policies with MSE
and KS metrics under the vICL dynamics learner.

cause policies that explore a wide range of states generate trajectories that are more dif-
ficult to learn. Regarding the entropy, we can see that it also correlates with MSE, but
interestingly, it does not appear to impact the calibration.
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C.6 Multi-step prediction errors

The average multi-step error. In Figure 4.4, we compute the average Mean Squared
Error over prediction horizons for h = 1,...,20, and 5 trajectories sampled uniformly
from the D4RL expert dataset. For visualization purposes, we first rescale all the dimen-
sions (using a pipeline composed of a MinMaxScaler and a StandardScaler) so that the
respective MSEs are on the same scale. The MSE metric in Table 4.1 is also computed in
a similar fashion, with the exception that it’s average over 7 different tasks (HalfCheetah:
random, medium, expert; Hopper: medium, expert; Walker2d: medium, expert).

The MLP baseline. For the M LP baseline, we instantiate an MLP with: 4 layers, 128
neurons each, and ReLU activations. We then format the in-context trajectory as a dataset

of {(s, at, si+1) } on which we train the MLP for 150 epochs using early stopping and the
Adam optimizer [KB15].

We now extend Figure 4.4 to show the multi-step generated trajectories for all the di-
mensions of the HalfCheetah system in Figure C.7.

C.7 Calibration

The naive baseline. In the calibration plots Figures C.8 and 4.8, we compare the LLM-
based dynamics models with a (naive) baseline that estimates a Gaussian distribution
using the in-context moments (mean and variance).

KorLmoGorov-SMmirNov StaTistic (KS): This metric is computed using the quantiles
(under the model distribution) of the ground truth values. Hypothetically, these quan-
tiles are uniform if the error in predicting the ground truth is a random variable dis-
tributed according to a Gaussian with the predicted standard deviation, a property we
characterize as calibration. To assess this, we compute the Kolmogorov-Smirnov (KS)
statistics. Formally, starting from the model cumulative distribution function (CDF)
Fy(se41]st, ar), we define the empirical CDF of the quantiles of ground truth values by

(St,at,5t+1)€D\F9j (st+1 \st,at)gz}

Fo(x) = for x € [0,1]. We denote by U(z) the CDF of the
uniform distribution over the interval [0, 1], and we define the KS statistics as the largest
absolute difference between the two CDFs across the dataset D:

KS(D;0;5 € {1,...,ds}) =

__nax ‘]:e,j(Fg(Sz’,HﬂSim i) — U(Fg(sz‘,t+1’3i,t7 ai,t))‘
ie{1,...,N}

(C.6)
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-------- groundtruth — vICL —— DICL-(s) —— DICL-(s, a) —— MLP

Figure C.7: Halfcheetah

The KS score ranges between zero and one, with lower values indicating better calibra-
tion.

C.8 On the choice of the LLM

In this ablation study, we investigate the impact of LLM size on prediction performance
and calibration on D4RL tasks. The LLMs analyzed are all from the LLaMA 3 family
of models [DL24], with size range from 1B to 70B parameters, including intermediate
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Figure C.8: Halfcheetah

sizes of 3B and 8B. Each model is fed with 5 randomly sampled trajectories of length
T = 300 from the D4RL datasets: expert, medium, and random. This latter task is only
evaluated on HalfCheetah, since the Hopper and Walker2d environments random poli-
cies episodes do not have enough context yet to apply DICL. For the medium and expert
datasets, we evaluate them on all the environments HalfCheetah (Figure C.9), Hopper
(Figure C.10), and Walker2d (Figure C.11). The metrics used to evaluate the models
are:

e Mean Squared Error (MSE): Applied after rescaling the data similarly to Section C.6
to measure the prediction error.

e Kolmogorov-Smirnov (KS) statistic: To evaluate calibration, indicating how well
the predicted probabilities match the observed outcomes. This metric is formally
described in Section C.7.
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All results are averaged over prediction horizons h € {1,...,20}. In the HalfCheetah en-
vironment, we observe that DICL-(s) consistently outperforms the other variants across
all tasks and with almost all LLMs in terms of prediction error. DICL-(s,a) is outper-
formed by vICL in the random and medium datasets, while its performance improves in
the expert dataset. This is likely because the policy has converged to a stable expert pol-
icy, making it easier for DICL-(s, a) to predict actions as well. Regarding calibration, the
three methods generally perform similarly, with a slight advantage for DICL-(s, a), espe-
cially with smaller LLMs. In the Hopper environment, the MSE improvement of DICL
over vICL is less pronounced with the smallest LLMs but becomes more evident with the
LLaMA 3.1 70B model. However, DICL-(s, a) consistently and significantly outperforms
both vICL and DICL-(s) in terms of the KS statistic (calibration). In the Walker2d envi-
ronment, vICL proves to be a strong baseline in the expert task, while DICI.-(s) shows
improvements over it in the medium dataset. For calibration in Walker2d, DICL-(s, a)
continues to outperform the other variants across all tasks and LLM sizes.
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Figure C.9: HalfCheetah.
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Appendix D

Appendix of Chapter 5

D.1 Theoretical analysis

D.1.1 Proof of proposition 5.3.1

We begin by restating the proposition, and its underlying assumptions:

Assumption D.1.1. W, has full rank: rank(W ) = D, insuring its invertibility.
Assumption D.1.2. For ease of derivation, we consider a similar linear parametrization for the
foundation model: fry(X) = Wiy X +beyl " where Wry € REH bry € R, and 1 a vector
of ones of dimension D.

Proposition D.1.1 (Optimal linear adapter). Under assumption 5.3.1 and assumption 5.3.2,
the closed-form solution of the problem:

LW,) =Y — (WLXW, + b1 )W, [7 (D.1)
writes as:
* T T
WSO = (B A)*B B (D.2)

where W}, = arg miny_cgr, @) £L(Wy), A =Y — Wi, X, B =bpyl’, and (BTA)"
denoting the pseudo-inverse operator.
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Proof. We begin by expanding the loss function:

LW,) =Y — (WpyXW,, + bpyl W[
= A -BW_ |5

where A =Y — W[, X and B = bg),1". Expanding the Frobenius norm:

L(W,)=Tr((A-BW_")"(A-BW_"))

Taking the gradient with respect to W' yields:

oL T TRW-1
Jwi~ “2BA+ZBTBW,
Knowing that W, is invertible, We have that: ai’,v—ﬁw =-W_' ax?vfgl w_T
hence
oL T (T Trw-1\ w-T
ow, = 2WVe (BTA-B'BW," ) W,".

Setting % = 0 and multiplying both sides by W, we obtain:
B'A=B'BW_".

Multiplying both sides by W,
B'AW, =B'B.

Finally applying the pseudo-inverse to solve for W, gives our final result:

* T T
W’ =(B'A)*B'B.

Given the convexity of £L(W,,) (which follows from the convexity of the Frobenius norm
||-||7, the inverse operation, and an affine transformation), we conclude that W is a

global solution for Equation (5.3).

Remark D.1.1. We make use of the pseudo-inverse due to the current construction of the matrix
B (with identical rows) which implies that the product B" A is degenerate. To bypass this limi-
tation and further ensure the invertibility of W, we can revisit the definition of the foundation
model in assumption 5.3.2 to include channel dependent biases and ensure a full rank matrix B.
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D.1.2 Proof of proposition 5.4.1

To derive the evidence lower bound (ELBO) used in the training objective of the VAE
adapter, we start from the marginal likelihood of the observed data Y given the inputs
X and foundation model fgy;. The marginal likelihood is expressed as:

log po(Y[X, firm) = 10g/P9(Y|X»fFM(Z))p(Z) dZ, (D.3)

where Z is the latent variable, py(Y|X, frm(Z)) is the likelihood model parameterized by
6, and p(Z) is the prior distribution over the latent variable Z.

Direct optimization of this marginal likelihood is generally intractable due to the integra-
tion over Z. To make this optimization feasible, we introduce a variational distribution
¢s(Z|X), parameterized by ¢, as an approximation to the true posterior py(Z|X,Y, frm).
Using ¢,(Z|X), we can reformulate the log-marginal likelihood as follows:

po(Y|X, frm(Z))p(Z)

log po(Y|X, fint) = log / 4s(Z|X) ST a7 (D.4)
- po(Y|X, frm(Z))p(Z)
=logEy,zx) [ ’ 10 (ZIX) ] (D.5)

Using Jensen’s inequality, we can derive a lower bound on this log-marginal likelihood:

o(Y|X, frm(4))p(Z
log po(Y|X, frm) > Eg,(zix) llogp (Y] q¢,{ZD(()))p< )] (D.6)
Z|X
= Eqy,(zix) [log po (Y X, frm(Z))] — Eg, (zix) [bg qd}g(z'))] . (D7)

The second term can be rewritten as the Kullback-Leibler (KL) divergence between the
variational posterior ¢,(Z|X) and the prior p(Z):

qo(Z|X
KL (0(Z1%) | (2) = By [0z P00 (D8
Substituting this into the inequality, we obtain the evidence lower bound (ELBO):
log ps(YIX, fru) = B zix) log po(Y X, fru(Z))] — KL (4(ZIX) | p(Z)) . (D.9)

The ELBO consists of two terms:

e The forecasting term, E,,(zx) [log po(Y|X, frn(Z))], which measures how well the
model can reconstruct Y given the latent variable Z.

o The reqularization term, KL (¢,(Z|X) || p(Z)), which encourages the variational pos-
terior to stay close to the prior distribution p(Z).

Thus, maximizing the ELBO provides a tractable way to train the parameters ¢ and ¢
by optimizing the balance between forecasting accuracy and latent space regularization.
O
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D.2 Normalizing Flows

Normalizing Flows make use of invertible transformations to map a simple base distribu-
tion (e.g. Gaussian) to a complex data distribution. Each transformation 7" is designed
to maintain invertibility and efficient Jacobian computation. The transformation is ap-
plied iteratively: Z = T}, o T},_; o - - - o T1(X). Current Normalizing Flow instantiations
(e.g. RealNVP) make use of generic invertible transformations such as coupling flows;
the latters can be parametrized using a neural network leading to powerful non-linear
generative models that are trained to maximize the data log-likelihood:

IT;(+;0)

det ————~
oz,

k
log p(X) =logp(Z) + > _log

i=1

where 6 denote the parameters of the non-linear parametrization of the invertible trans-
formations 7;, and Z,_ is the output of the transformation 7;_;. In the context of time
series adapters, we directly optimize the parameters of the transformations based on
their direct and inverse application on the time series forecasting problem:

Liow = [Y=T7 o Ty oo TiTY
fFM(Tk 0Ty q10:--0 Tl(X§9));9)H%

where the encoder is represented by the series of direct transformations: enc(-) = T}, o
Ty—10---0Ti(+;0), and respectively the decoder by the series of inverse transformations
dec(:) =Ty 0Tyt o o T (- 0).

As defined here, Normalizing Flows suffer from the constraint of keeping the same di-
mension in both original and learned representation space. For this purpose, we inves-
tigate coupling a normalizing flow with a linear encoder-decoder type of architecture to
enable dimensionality reduction prior to applying the transformation 7;. The parame-
ters of the additional encoder and decoder are then jointly trained to optimize the learn-
ing objective Loy .

Given that the parameters of the encoder and the decoder are shared in Normalizing
Flows, the gradient-based optimization within our framework receives conflicting di-
rections due to gradient flow from both the direct and inverse transformations simul-
taneously. We discovered that this adapter construction was challenging to optimize in
practice, and we defer the exploration of this direction to future research endeavors.
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Dataset ETTh1 Illness ExchangeRate Weather

# features 7 7 8 21
# time steps 13603 169 6791 51899
Granularity 1 hour 1 week 1 day 10 minutes

(Train, Val, Test) (8033, 2785,2785) (69,2,98) (4704, 665,1422) (36280, 5175, 10444)

Table D.1: Characteristics of the multivariate time series datasets used in our experi-
ments with various sizes and dimensions.

D.3 Experimental setup

D.3.1 Datasets

D.3.2 Implementation details

In this section, we describe the full AdaPTS framework, starting from the data prepro-
cessing, the training algorithm, and the hyperparameters optimization.

Preprocessing. Given that the adapter as defined in definition 5.2.1 is a feature space
transformation, we start by rescaling (StandardScaler and MinMaxScaler) the data where
all the timesteps are regarded as data points. To account for the temporal specificities in
each batch, we use Reversible Instance Normalization (RevIn) [Kim+22] that has been
proven to mitigate time-related distribution shifts in time series problems. Finally, and
following the observation that PCA when composed with a linear adapter showed the best
result in the case of correlated data (Figure 5.2), we include the possibility of applying
full-component PCA as part of our data pre-processing pipeline.

Training parameters. After the pre-processing phase, we proceed to split the data into
a train-validation-test sets, where the validation set serves as a tool to select the best hyper-
parameters for the adapter. The resulting adapter that is instantiated with the optimal
hyperparameters is then tested against the unseen test dataset. For all of our experi-
ments, we first train the linear forecasting head of Moment (referred to as Linear Probing
in [Gos+24]) with the Adam optimizer [ KB17], a batch size of 32, a one cycle scheduler
starting with 0.001 as learning rate. Once the forecasting linear head is trained, we freeze
its parameters and proceed to training the adapter. This is done using the Adam opti-
mizer, a batch size of 32, a reduce on plateau scheduler starting with 0.001 as learning
rate.
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Hyperparameter optimization. Inorder to select the best hyperparameters for the adapter

architecture we use Ray fune [ Lia+18] with the Heteroscedastic and Evolutionary Bayesian
Optimisation solver (HEBO) [Cow+22] engine, reporting the average mean squred er-
ror (MSE) from k-fold cross validation. Table D.2 shows the default hyperparameters for
each considered adapter.

adapter LinearAE DropoutLinearAE LinearVAE VAE
p dropout - 0.1 — —
Number of layers ~ — — — 2
Hidden dimension — — — 128
B — — 0.5 0.5
o — — 1.0 1.0

Table D.2: Adapters hyperparameters.

D.4 The AdaPTS Python package

To facilitate reproducibility and promote widespread adoption of our framework, we
have developed AdaPTSs as a Python package that provides a unified interface for adapt-
ing time series foundation models to multivariate probabilistic forecasting tasks. The
package is designed with modularity, extensibility, and ease of use in mind, enabling
researchers and practitioners to seamlessly integrate our adapter-based approach into
their workflows.

D.4.1 Unified Foundation Model Interface

A key feature of the AdaPTS package is the development of a consistent interface across
different time series foundation models. The package currently supports the foundation
model families listed in Table D.3.

The package abstracts the complexities inherent in working with different foundation
models through the ICLTrainer class hierarchy. Each foundation model family is imple-
mented as a specialized child class that handles model-specific initialization, preprocess-
ing, and inference procedures while maintaining a unified API. This architectural design
enables users to effortlessly switch between different foundation models and implement
custom ICLTrainer classes for newly-released or proprietary foundation models.
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Model MV P  Link (HF)

Moment X X autonlab/moment

TTM X X  ibm-
granite/ttm

TimesFM X X  google/timesfm
Chronos X amazon/chronos

Moirai salesforce/moirai

Moirai uses flatten + attention bias approach to MV.

Table D.3: Time Series Foundation Models supported in the adapts Python package.
MV: Multivariate support; P: Probabilistic forecasting.

D.4.2 Training modes

Our framework supports multiple adapter training paradigms to handle different exper-
imental scenarios:

e Supervised Training. This constitutes the primary training methodology ana-
lyzed throughout the chapter and showcased in Section 5.1. The adapter compo-
nents (encoder and decoder) are optimized to minimize the forecasting MSE loss
(Equation (5.2)) while the frozen foundation model generates predictions within
the learned latent space.

e Unsupervised Training. Adapters are trained using a reconstruction loss, where
the encoder-decoder pair learns to reconstruct the input time series. This approach
is useful for representation learning and can serve as a pretraining step before su-
pervised fine-tuning.

e Fine-tuning support. This training mode permits to fine-tune the foundation model
parameters alongside adapter training. This is particularly relevant for models
like Moment, where the linear forecasting head (denoted as LP for linear probing
in [Gos+24]) is not pre-trained. Additionally, this can be implemented through a
bi-level approach, where the foundation model undergoes secondary fine-tuning
after completing adapter training.

Figure D.1 illustrates the command-line interface for running the AdaPTS approach, where
users can configure their experiments by specifying the foundation model, dataset, adapter
type, and training method through simple script parameters.
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model dataset adapter training other

« Moment « ETThl . VAE « supervised « horizon
. TIM « Ilness + LinearAE « bi-level « context length

! | =

run  --model "moment" --dataset "lliness" --other

Figure D.1: Command-line interface for configuring and running experiments within
AdaPTS.

D.5 Additional results

D.5.1 Moment applied to synthetic data.

To validate the adapter optimality condition with large non-linear foundation models, we
use Moment [Gos+24]. The optimal linear adapter in this case minimizes the following
intractable objective:

LIW,) = Y = fuonens (XW, )W [ (D.10)

To approximately solve this optimization problem, we instantiate W, as a single-linear-
layer encoder denoted ency, and respectively the inverse transformation W' as a single-
linear-layer decoder denoted decy. We then use gradient-based optimization of the pa-
rameters ¢ using the Adam optimizer, aiming at solving the following optimization prob-
lem:

0" = arg min | Y — decy (fromens (enco(X) ) I3 (D.11)

Figure D.2 shows the performance gain obtained by optimizing a linear adapter on Moment-
small foundation model. Unlike the tractable case, we observe that in both data modali-
ties (independent and correlated data), PCA has little to no improvement over the identity
baseline, while ¢y- reaches an order of magnitude better solution. This confirms our in-
tuition about the existence of a better solution than the identity matrix, even in the case
of real-world complex foundation models.

D.5.2 Mean Absolute Error
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Figure D.2: Moment on simulated independent data.

Dataset H No adapter with adapter
Momentgman pca linear dropout  linear VAE VAE
ETThl 96 042240006 0.44040000 0.42310003 0.41510002 0.4200001  0.42610.001
Hlness 24 114340000 116320001 2.624w00s5 115640016  1.074soon  1.0570.012
60 11490001 1.16Lso0or 122740030 117310015 111240001 110540001
Weather 26 0232s000 023520000 0.226:0000 02125000 021810001 024320001
192 0.251.0001 0.26040001 0.25110001 0.25110000 0.25510000  0.27440.000
ExchangeRate 96 025219010 0.26410000 0.308:0010 026910012  0.37610.031  0.48810.003
192 0.329:0001 033510000 04150000 041950010 051310010  0.5855000s

Table D.4: Performance comparison between the baseline Moment model without
adapters against different adapter architectures (PCA, LinearAE, dropoutLAE, LinearVAE,
and VAE), for multivariate long-term forecasting with different horizons H. We display
the average test MAE =+ standard error obtained on 3 runs with different seeds. Best
results are in bold, with lower values indicating better performance.
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|Appendix h

Appendix of Chapter 6

E.1 Extended related work

PG vs MLE for Generative models. Generative models aim to capture the underly-
ing distribution of observed data, with the goal of synthesizing realistic samples after-
wards, e.g. text generation [Bro+20] and image generation [Rom+21; Ram+]. Many of
the existing generative modeling approaches such as Autoregressive models [ Rad+19;
Vas+23], Variational AutoEncoders [KW13; Hig+17], Generative Adversarial Networks
[Goo+14; ACB17], Diffusion Models [Soh+15; Rom+21], can be framed through the
lens of MLE or its approximations. However, and especially in the context of sequence
generation, MLE in autoregressive models has been proven to suffer from compounding
errors and exposure bias, among other problems [Tan+19; Bah+17; Ran+16; Ben+15b;
VHB15a; Ben+24]. As an alternative approach, PG methods have emerged as a more
effective way to sample the output space when a reward function is available [ Bah+17].
Beyond vanilla PG, more sophisticated methods have been developed, such as Reward-
Augmented Maximum Likelihood [Nor+16; VLZ11], where a reward-based stationary
sampling distribution is defined, Softmax Policy Gradient [DS17], an intermediate ap-
proach between sampling the model and sampling a reward-based distribution, and
MIXER [Ran+16], a scheduling approach that gradually transitions from MLE to PG
using the REINFORCE algorithm [ Wil92a]. Besides autoregressive models, policy gra-
dient methods have also been used to train (or finetune) Diffusion models [Bla+24;
Ueh+24; ZB25], and GANs [PLB17; Yu+17].

Reward models. Policy Gradient methods constitute one class of algorithms for solv-
ing MDPs [Bel58], the central formalism underpinning the RL field. Training generative
models with PG methods builds on the formulation of the task as an MDP. In this setting,
the reward function plays a pivotal role. The most direct way of learning a reward model
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is via supervised learning from past interactions, as done in Model-based Reinforcement
Learning [Chu+18; Jan+19; Yu+20b; Haf+21b; KHT21; Ben+25]. Beyond the supervised
approach, several other paradigms for reward learning have been developed. Learning
from Demonstrations includes Inverse RL methods [ AN04; Zie+08; Fin+16; FLA16] that
learn a reward model Ry under which demonstrations of the form (s, a, snext) are opti-
mal. Another paradigm, Learning from Goals, defines the reward function with respect to
reaching a goal ¢ in the state space S [LZZ22]. In this setting, goal attainment has been
modeled in terms of spatial distances [Nac+18; Maz+24], temporal distances [ Har+20;
Wan+25], and semantic similarity [Son+23; Fan+22]. The Learning from Preferences ap-
proach relies on transforming preference data of the form (7, > 7;), where 7; is a trajec-
tory (si,a1,..., S5, q|) and > is a preference relationship, into a reward model using
the Bradley-Terry model [BT52]. Reward models learned from preference data have en-
abled significant progress in post-training generative models [ Kim+23; Tou+23; Raf+23;
Son+24]. Starting with InstructGPT [Ouy+22], this approach has become a standard
for improving targeted aspects of LLMs, e.g. safety [Dai+24], as well as for applica-
tions such as mathematical reasoning [Xin+25; Sha+24; Luo+24] and code generation
[Dee+25].

Bilevel optimization. Bi-O was originally introduced in economics and game theory
by [Sta34] to model hierarchical decision-making problems between a leader and a fol-
lower. More broadly, Bi-O offers a framework for addressing problems with hierarchi-
cal structures, where the task is to optimize two interdependent objective functions: an
inner-level objective and an outer-level objective. In machine learning, Bi-O was first ap-
plied to feature selection [ Ben+06 ] and was later extended to a wide spectrum of applica-
tions, including hyperparameter optimization [ Mac+19; Fra+17; Ped16], reinforcement
learning [Hon+22; Nik+21], and meta-learning [Fra+18]. Various Bi-O solvers have
been proposed to address different regularity conditions on the inner- and outer-level
objectives. Among these, automatic differentiation-based approaches compute gradients
of the outer-level objective by differentiating through the iterative steps of the inner-level
optimization algorithm [Wen64; Lin76; Dom12; Fra+17]. In parallel, implicit differenti-
ation methods [Ben00] leverage the implicit differentiation theorem to approximately
estimate the gradient of the outer loss by solving a linear system [Ped16; CSY21; JYL21;
AM?22]. Beyond alternating methods, [Dag+24] introduce a framework where inner-
and outer-level variables evolve jointly within a single training loop. Bi-O has also been
generalized to functional settings [ PMA24], where the inner-level optimization is carried
out over functions in infinite-dimensional spaces. In the context of generative models,
some approaches enhance the training efficiency of energy-based latent variable mod-
els through bilevel formulations [ Bao+20; Kan+22], while [Xia+25] propose a bilevel
framework for tuning hyperparameters and noise schedules in diffusion models.
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Bilevel Reinforcement Learning. Bilevel RL optimizes an outer-level objective in the
reward parameters, often a policy alignment signal, while an inner loop learns a policy
under that reward [Gau+25; SYC24; YGY25]. This framework has been applied in ar-
eas such as reward shaping [Zou+19] and RLHF [Cha+24]. The closest work to ours
is [Zen+22], which combines MLE with the Maximum-Entropy inverse RL framework.
However, they focus on control tasks in the episodic RL setting while we aim at provid-
ing a general framework for any data modality and MLE task.

E.2 Implementation Details

E.21 Training Framework

We implement our reinforcement learning framework using the Transformer Reinforce-
ment Learning (TRL) library [Wer+20], which provides efficient implementations of
modern RLHF algorithms. Specifically, we use the Group Relative Policy Optimization
(GRPO) algorithm [Sha+24] through the GRPOTrainer class, which enables stable pol-
icy optimization through group-based advantage normalization.

GRPO is a policy gradient algorithm designed to improve the stability and sample effi-
ciency of RL finetuning of LLMs. Unlike traditional policy optimization methods that
compute advantages against a global baseline, GRPO employs a group-based normal-
ization scheme that compares multiple generations from the same prompt.

For each training prompt z, GRPO generates K independent completions {y1,y2, ..., yx }
using the current policy my. Each completion is evaluated using a reward function R(z, y;),
and the advantages are computed relative to the group mean:

R(l’, yz) - ,ugroup

Ai —
Ugroup + €

where

1 & 1 & )
Hgroup = ? Z R(l’, yj)> Ogroup — ? Z(R(x> yj) - ﬂgroup)
j=1 j=1

This group-based normalization provides several benefits: (1) it reduces variance by
comparing samples from the same distribution, (2) it automatically adapts to the diffi-
culty of each prompt, and (3) it mitigates reward hacking by preventing the policy from
exploiting absolute reward values.
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The policy is updated by maximizing the following objective function (omitting techni-
cal details such as likelihood ratios and clipping):

[’(9) - Ez~D,y~7rg(-|a:) [A(:E7 y) IOg 7T9(y|.73) - 5 : dKL(7T€||7Tref)]

where 7, is the reference policy (typically the supervised fine-tuned model before RL
training), /5 is the KL penalty coefficient that controls the deviation from the reference
policy, and dx;. is the Kullback-Leibler divergence. The KL penalty serves as a regulariza-
tion term that prevents catastrophic forgetting of the pretrained knowledge and ensures
stable training dynamics.

E.2.2 Model Architecture and Fine-tuning

We evaluate multiple model sizes from the Qwen3 family [ Yan+25], ranging from 0.6B

to 8B parameters, to analyze the impact of model scale on reinforcement learning perfor-
mance. For parameter-efficient fine-tuning, we employ Low-Rank Adaptation (LoRA) [ Hu+22]
with the configuration detailed in Table E.1.

Table E.1: LoRA Configuration for Parameter-Efficient Fine-tuning

Parameter Value
LoRA Rank (r) 8
LoRA Alpha («) 16
LoRA Dropout 0.05
Target Modules d_proj, v_proj

Trainable Parameters ~0.1% of base model

The LoRA modules are applied exclusively to the query and value projection matrices in
the attention mechanism, following recent findings that selective module targeting can
achieve comparable performance to full fine-tuning while significantly reducing mem-
ory overhead [Zha+23a].

E.2.3 Dataset

We conduct our experiments on the HuggingFaceTB/Countdown-Task-GOLD dataset, a
mathematical reasoning benchmark that requires models to construct arithmetic equa-
tions to reach target values using a given set of numbers. We specifically use the subset
verified by Qwen2.5-7B-Instruct, which ensures groundtruth annotations. The dataset
is split into 90% training and 10% validation sets.
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Each training example follows a structured chat format with a system prompt that es-
tablishes the reasoning paradigm, followed by a user query specifying the task. An an-
notated example prompt is shown below:

[
{

"content": "You are a helpful assistant. You first think
about the reasoning process in the mind and
then provide the user with the answer.",

"role": "system"

s
{

"content": "Using the numbers [78, 46, 93], create an
equation that equals 61. You can use basic
arithmetic operations (+, -, *, /) and each
number can only be used once. Show your work
in <think> </think> tags. And return the
final equation and answer in <answer> </answer>
tags, for example <answer> (1 + 2) / 3 =1
</answer>.",

"role": "user"

s
{
"content": "<think>

To solve this, I need to use the numbers 78,
46, and 93 to create an equation that equals
61. I’11 start by considering the basic
arithmetic operations and how they can be used
to get close to 61.

First, I’11 try subtraction, as it’s the most
straightforward operation to get close to 61:

- 78 - 46 = 32 (too low)
- 93 - 46 = 47 (closer but still too low)
- 93 - 78 = 15 (too low)

Next, I’11 try addition and subtraction in

combination:

- 78 - 93 = -15 (too low, and I need to add
something positive)

- 46 + 93 = 139 (too high, and I need to
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subtract something)

Since 93 is the highest number, I’11 try to
use it in a subtraction:

- 93 - 46 = 47 (still too low, I need to
add 14)

- 78 - 46 = 32 (still too low, I need to
add 29)

I can use 78 and 46 to get 32, and then add
29 to get 61. 29 can be derived from 93 - 64,
but since I can only use each number once, I
need to find a way to use 93 directly.

The correct combination is:
93 - (78 - 46) = 93 - 32 = 61

This uses each number exactly once and the
result is 61.
</think>
<answer>
93 - (78 - 46) = 61
</answer>",
"role": "assistant"

]

The structured output format with <think> and <answer> tags enables clear separation
between the reasoning trace and the final solution, facilitating both automated evalu-
ation and reward computation during reinforcement learning. This format allows our
reward functions to selectively evaluate either the complete response or only the final
answer, depending on the experimental configuration (see Figure 6.6 for the compari-
son).

E.2.4 Training Hyperparameters

Table E.2 presents the core training hyperparameters used across all experiments. We
use a cosine learning rate schedule with warmup to ensure stable optimization dynam-
ics.

All experiments are conducted using mixed-precision training (bfloat16) with Flash At-
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Table E.2: Core Training Hyperparameters

Parameter

Value

Learning Rate

LR Schedule

Warmup Ratio

Training Steps

Per-device Train Batch Size
Gradient Accumulation Steps
Effective Batch Size

Mixed Precision

5x 107°
Cosine
0.05
400
4
2
8 per device
bfloat16

tention 2 [Dao23] for computational efficiency.

E.2.5 GRPO-Specific Configuration

The GRPO algorithm requires several algorithm-specific hyperparameters that control
the policy optimization process. These are detailed in Table E.3.

Table E.3: GRPO Algorithm Hyperparameters

Parameter

Value

Number of Generations
KL Penalty Coefficient (/3)
Max Prompt Length

Max Completion Length
Temperature

Top-p Sampling

8
0.001

256 tokens
1024 tokens
1.0 (default)
1.0 (default)

During training, the model generates 8 completions per prompt for group-based ad-
vantage estimation. The KL penalty coefficient 3 controls the divergence between the
learned policy and the reference policy, preventing catastrophic forgetting of the pre-

trained knowledge.
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Metrics

1\’[8]:‘:/10*2 1l NLL/HF2 i

Task

NLL

simple 425 +3 47 £1
medium 459 £3 73+£1
expert 539 £3 49 +1
PG(1,)

simple 199+1 528 +18
medium 241+4 796+70
expert 174 £3 420+ 24
PG(U,)

simple 230 +1 267 +1
medium 274 £1 286 + 1
expert 198 +1 290 £1
PG(UL,)

simple 190 £1 208 +1
medium 231+1 232 4+2
expert 176 £1 208 £ 2

Table E.4: MBRL experiment. The PG loss with optimal reward comes second to the
NLL baseline in terms of NLL, and ranks first in terms of MSE.

E.3 Additional experiments

E.3.1 Tabular regression (MBRL)

Model-Based Reinforcement Learning (MBRL) addresses the supervised learning prob-
lem of estimating the (possibly stochastic) transition function of a MDP. Typically, we as-
sume access to data of the form D = {(s, ai, s, )}V, consisting of trajectories of states s
and actions a collected by an unknown policy. The goal is to approximate the next-state
distribution S;11 | St, A; ~ ¢. In practice, the dynamics model is often a Gaussian prob-
abilistic model trained via log-likelihood [Chu+18; Jan+19], which makes it directly
applicable to our experimental setup. We consider three D4RL [Fu-+21b] HalfCheetah
tasks, each from a different data-collecting policy: simple, medium, and expert, accessi-
ble through the Minari project [ You+24]. All models train for 400 epochs with Adam
optimizer (learning rate = 10%) and A = 1.

Table E.4 shows the detailed results per task (data-generating policy) on the HalfChee-
tah system.
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E.3.2 Distribution comparison
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Figure E.1: Distribution comparison, different value of A

E.4 Theoretical analysis

E.4.1 Proof of proposition 6.4.1

We prove proposition 6.4.1 in two steps: first solving the inner-level problem in closed
form, then optimizing the outer-level objective.

Step 1: Solution of the inner-level problem
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Proposition E.4.1. Under assumption 6.4.1 and definition 6.3.2, the inner-level optimiza-
tion problem

65 = argmax Exyng[Ep . [~(V = Y)TUY = V)] + XH(po)]

V| X ~p
<O | X ~Pg

admits exactly one solution: 0*(U) = (A, %U*) :

Proof. Since Y | X ~ N(AX, B), its differential entropy is H(Y | X) = 1 log(2me det(B)).
Using the identity E[W T MW]| = " Mp+ Tr(MK) for W ~ N (u, K) and expanding the
quadratic form, a direct calculation yields:

J(A,B) = — Tr((A —AN)'U(A - A)ZX) —Tr(U(B+1X))+ ; log(2redet(B)), (E.1)

where Yy = E[X X '].

Strict concavity. We verify that J is strictly concave in (A, B). Consider a perturbation
(Ay 4+ tAy, By + tBs) for t in the feasible set. The quadratic term in A contributes a
second derivative —2Tr(UAyXxA;) < 0, since U, Xx = 0 implies Tr(UCExCT) > 0
for any C. The log-determinant term contributes a second derivative proportional to
— Tr((B1+tBs) ' By(By+tBy) ' By) < 0by strict positive definiteness. Hence J is strictly
concave and admits a unique maximizer.

First-order conditions. Setting V,J = —2U(A — A)Xx = 0 gives A* = A. Setting
VpJ =-U+ 3B =0gives B* = U O

Step 2: Solution of the outer-level problem

Proof of proposition 6.4.1. From proposition E.4.1, substituting 6*(U) = (A, 3U ') into the
outer objective, both distributions share the mean AX, so the KL divergence between
q(-|X) = N(AX, ¥) and pg; (| X) = N(AX, 3U~") reduces to:

1 1
D (g1l po;, ) = 1 Te(UY) = 5 Indet(U) + C,

where C' collects terms independent of U. Denote this objective ¢(U).

Strict convexity. To show g is strictly convex on S, *(R), note that along any line U 4tV
in 5,7 (R), the second derivative of ¢ is 1 Tr((U + tV)"'V(U + tV)~'V). Writing B =
(U+tV)" V2V (U+tV)~1/2, thisequals 1 Tr(B?) = 1 37, A? > 0, confirming strict convexity
and hence a unique minimizer.
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U~! =0yields U* = 3571 O

Optimality condition. Setting Vi = 13 — 1

E.4.2 Proof of corollary 6.4.1

Proof. When B = o1, the inner-level objective (E.1) is optimized over (4, 0?) instead of
(A, B). The same concavity arguments apply. The first-order condition V,2J = 0 gives

0% = sitmy, 80 0°(U) = (A, 53f7)- Substituting into the outer-level KL divergence and
optimizing over U yields the condition Tr(U) = #"(QE), which defines the solution set
Fyx. O

E.4.3 Proof of corollary 6.4.2

Proof. Substituting U* = 3%~ into the inner-level objective, we show the reward term
reduces to a log-likelihood under ¢. Writing Y = AX + ¢ with e ~ A/(0, ¥) and expand-
ing:

Eyix[-3(V = Y) S7'(Y - V)| = —3[(¥ = AX)TS7 (Y = AX) + 1],

where the cross-term vanishes since E[c] = 0 and E[¢"X"'¢] = n. Recognizing that
(Y = AX)TE" 1Y — AX) = —2log q(Y|X) — log((27)"|%|), we obtain up to a constant c,
independent of ¢:

J(0) = NEx [Eg_ [logq(Y|X) = log po(V[X)|| + cn = =AEx Dk (Bs(-1X)]|g(|X))] + cn.

Hence maximizing .J () is equivalent to minimizing the reverse KL divergence. O
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